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0.1. �•���-
ë 3

0.1 �•���-
ë

�N�)�¥�½�ýa�¨�¿�©
Ž�?�ƒ�ñ .
�ƒ^�B�z	Ó
£�+�… (	[�ñ�| :MATH544307) �¥	[�ñ�3�: , 	7!�¿ 2021 �M�=�1�Ð

�ù , q	[	º=^�¦	ë�Û	º= . 	[�ñ�¥�=�¸�v�Á��Â
� [W89] �¥�-�Ø�c , ���l�P�¨�¥
�•�‹^ [dC92], 	[�ª���5�9���1�¾€ .

�¦	ë�Û	º=�¥q	[�<�Ø�+�…�°�4 , �Œ^�®�¿�3�€�i�‚�öP�¨ Tikz �� , �•�Á�í�E
�Î�ð�¦	º=*����£�B . �Œ�3�€�Ð	V�?�¹�S�ž
��Î�ð	[����¥�Ó�3�=�¸ , �i�Çk�:

cð±�X�Ÿ�¥�Ó�3 .

�’�– , �T�¹�B�z�Ã�Ü�-�“�œ	Ø�O	V�?�i�‚�ö�µH�W�œ	Ø�¥	[���3�: , ���µ•
P�v
�À�9^��î�4
ç , �Œ�3�€�Ð	V�?��
Ä�«	[	[�ª�û�’���V�1�-�¥�3�:�¥�ž�’�Ÿ , ���O
Ø^�S
��B�Ä�±�l�¥�
�D . �Â�T�µ�¦�‚�•	A�ž�iP�¨
��ƒ�z�3�: , �O�‚�•�¹�?�C
�
typo ��^�©�…YL�Ÿ�p�� , �h	ó�"�3�€�¥�n�ó�¯�Q seiran@stu.xjtu.edu.cn, Ù�–l
�ž�3�€�¥�í�¯�9^�B�q�l�À
qY�q , �Œ^�Â�T�?�C�µ�Ù�5�Î^�h�?�ž�¯�Q	Ÿ�Ô , �£
�B�3�€�í
��; .

�ƒ�z�3�:�¥���ñ	Ÿ�1�¿�]	Ÿ�1�‹” 91 �¥ Yukon Chen1�]�Ð , �Ë�†ð���o�y�¹�X
�‚�†�Œ^�s�‚�ž�o�´�¶�7�î�¹�v�E�¥�q�c�p�BY�{	Ÿ�¥�
�D , �ƒ�î�¹
��3�€
Ä�?�¥
�Ë	Á	Ÿ�÷��B , 
À�µð�¹�3�€�{	Ÿ�¥�Ë	Á�„���ñ , �ƒ�z�3�:�¥�›�î�|�í�E�î�¹	V�? .

�Ë�†�¦	ë�Û	º= , 	Ù�B	º= , �ç�£�\	º= , ”k 72 �¥
��}�–�Ð�É , �•�9 81 �¥�¦

C���Ð�É�„��ð=�É , �]�Ð , �Ë�†�í�Ê�Ð�3�€�¥���)�„���3�€�¥�·�• , �Ë�†�í�Ê�û�i
�4�z�3�€�ƒ�Õ�®£�Ü�¦V , ”�Ð�ª�É3 .

�K�ª�Á�†”k 82 �¥�N�v�Ä�Ð�É , �Â�T�‚^���ö�M��-��
��}�–�Ð�É�ö�û�¥�)

‚�ë��µ�•�P�ž�]�¥�+�…�Ä�.�l�M��
‚ , �3�€	V�?�C���Î���æ
Ù���mØ�]�Ø 2, 	L�™
T��Ø���¤�´�í���÷�7�x�í�N�´�¥	y�Ë�7�‚�€±	I�+�…�i�i�.�À”�Ð�î�è�‹�¾^I

¹ 3.

�ƒ�z�½�ý�X�Ü�•�¤�“�É�“�É
� , �K�ª�‚�@�†Ê�¹�[ [W89] �½�ý�„�¨�¥�Å�T�¹�²
�Á�Ô�i�i

�i�i�M�ÿ�1�p;	æ , �º�‹�1�p�µ�B�ª�í�-�¥�§�� . �y�¹�V�T�§�‚�Ù�¥�y�ö�Ï , �F
�|�¹�1�-�{	Ÿ�´�ã , �Œ�÷�×�1�¥ , �F�|�¹�†�¦	Ë�{	Ÿ�;�´ .

Lyduck4

���à�ç�¿ April 30, 2021.

0.2 �:�|�V

𝑓 : 𝐴 → 𝐵, ��¸ 𝐷𝑜𝑚 𝑓 = ∅. ���†��ç�l�I , ���I�¥�ç�l�×^�´�× .
�¯�†�˜� 𝑔 ◦ 𝑓 �¥�ç�l�× 𝐷𝑜𝑚𝑔 ◦ 𝑓 = 𝑓 −1 (𝐷𝑜𝑚𝑔).
�Â�Ã�Ü�+y2
ü , �'�Ó�Ï�¥^�;�Á���` .
�ÿ�i�'	[�ñP�¨�¥�•�‹^ [dC92]. �ƒ�i�Å�"�“��Y�f , �h�B�ç�’�• .

1�r�€�ÿ : �'�ç��	• .
2�·�G	 �¿�˜�|��Ø	Ÿ�&�E�°�4�„�'�É .
3�v�ƒ
¹ª , �]�"�‹�’�Ë�†�•�Y�3�€”�Ð�4�Ä�K�v�¥ Vladimir Arnol’d.
4�'�‹” 91 
>�m�r .
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1.1 
@�™�¥�ç�l

Definition 1 (
@�™) ���¿�B�ñ�"�† 𝑀, �Â�T�i���B�ñ 𝑀 �¥��Â ℳ 
¡�@���¿
Ä�ñ
𝑀𝑖 ∈ ℳ �û�i���B�ñ�˜� 𝜑𝑖 : R𝑛 ⊇ 𝑈 → 𝑀𝑖 ^�B�ñ�±�s�]�  , ���Ï 𝑈 �� R𝑛 �Ï	7 ,
�O���¿�©
��ñ 𝑖, 𝑗 , �µ 𝜑𝑖 ◦ 𝜑−1

𝑗 ^�B�ñ R𝑛 �Ï�¥�±�s�]�  , �5�ë 𝑀 ^�B�ñ�±�s
@�™ .

�ç�l
@�™��¥�‰�ê , �5�ç�l
@�™�Ï�¥	7�"�®�U�S�˜��º�• R𝑛 �Ï�¥	7�" . �'�ç�l
�ž�U�S�˜��î�¹	õ�Ã�˜��¥�K�l�¥�‰�ê . �L!�4�ž�¥
@�™�û^	õ�Y ,𝑇2,𝐴2 �¥ .

�ç�l
@�™��W�¥	õ�Ã�f” 𝑓 ∈ 𝐶 (𝑀, 𝑁 ), �;�Á�Ÿ�Y�V�Ü�U�S�˜�	˜�í R𝑛 �Ï�ç�l .
�Y�V�?�õ�;�Á�²���„�‰�ê�²���ç�l	7�0
@�™ .

Example 1.1 (
@�™�¥	è�0)

1. R𝑛;

2. �f”�¥�m�^ ;

Figure 1.1: �„�1 [Lee02].

3. �µ�K�»�L�Ÿ	b�W ;
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4. 𝑆𝑛;

5. 𝐵𝑛;

6. R𝑃𝑛;

Remark 1.1 R𝑛,𝑆𝑛,𝐵𝑛 ^�Ø�Õ�×�1�¥
@�™ (	b�W�™T).

���v�±�s�²�� (�©�N	Ë ).

1.2 �M	b�W

Definition 1 (�w�L ) 
7 𝛾 : (𝑎, 𝑏) → 𝑀, �Ï 𝛾 ^ 𝐶∞ 	Ë�˜� , �5�ë 𝛾 ^�B�H
@�™ 𝑀
��¥�w�L .

�w�L�¥�U�S�VU�G	 �¿ (𝑎,𝑏) �¥���Ð�˜� 𝑖𝑑R �„ 𝑀 �¥���Ð�˜� 𝜑, �'

R
𝑖𝑑R // R

𝛾 // 𝑀
𝜑−1

// 𝑀.

�¹
��ç�l�w�L�¥�É�� , �³�1�B�ñ�L�Ÿ�W�f . 	I
n�È�n�¥�f”�è���M�_
��¥�ç�l , �'�5
�ç�l�Å�M	b�W , 	I
n�f”�¥�©�N	Ë , �–�ª	I
n�;�Á�¥�*�t 𝛾 : (−𝜀, 𝜀) → 𝑀,𝛾 (0) = 𝑝,
�ç�l ¤𝛾 (0) 
¡�@

〈𝛾 (0), 𝑓 〉 := 𝑑

𝑑𝑡
𝑓 ◦ 𝛾 |𝑡=0 .

�5�M	b�W�Ü�O�¥�ç�l�¹�*�t�M�_
��¥�©�N	Ë�����B�Ä���î�¥�L�Ÿ	b�W . �³�1�ÿ�i�¥
^�®�¿�‚�]�Ä�¥�M	b�W�Ï�¥�M�_
�^�W�f , �ç�l�×�‚�B�" . 	V�[�Y�V�xf	b�W�¥�M
	b�W 𝑇R𝑛 �¥�B�ñ���•��
@�™��M	b�W�¥�B�ñ�� , �B�î�:�T {𝜕𝑖 }. �C���ó���B�t�M�_

��T�¨�¿�f”�¥�Ÿ�É :

1. 𝐷𝑣 𝑓 = 〈𝑣, 𝛼 𝑓 + 𝛽𝑔〉 = 𝛼𝐷𝑣 𝑓 + 𝛽𝐷𝑣𝑔,

2. 𝐷 (𝛼𝑣+𝛽𝑤) 𝑓 = 𝛼𝐷𝑣 𝑓 + 𝛽𝐷𝑤 𝑓 ,

3. 𝐷𝑣 (𝑓 𝑔) = 𝑔𝐷𝑣 𝑓 + 𝑓 𝐷𝑣𝑔.

1.3 �_
��Æ

Definition 1 (�_
� �Æ ) �B�ñ 𝑀 � �_
� �Æ 𝑋 ^�M�W 𝑇𝑀 �¥�; �Á�©
ë , �� 
¡ �@
𝑋 (𝑝) ∈ 𝑇𝑀𝑝 . �:î�µ�;�Á�_
��Æ�¥�"�†�¹ 𝒱(𝑀).

Remark 1.2 �M�W�¥�;�Á�²�� �̃� �Â�N�E�y	ë :

𝑦𝑖𝜕𝑖 (𝜑 (𝑥)) = �̃� (𝑥,𝑦).
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Example 1.2 ���¿�B�ñ�U�S�˜� 𝜑 : R𝑛 ⊇ 𝐷 → Ω ⊆ 𝑀 �7�ý , ���� 𝑇Ω ��1�–�ç�l

��B�ñ�_
��Æ :

𝜕𝑖 (𝑝) =
𝑑

𝑑𝑡
|𝑡=0 𝜑 (𝜑−1 (𝑝) + 𝑡𝑒𝑖 ).

���µ�U�S�VU
(�̃�−1 ◦ 𝜕𝑖 ◦ 𝜑)(𝑥) = (𝑥, 𝑒𝑖 ).

���B�ñ
@�™�¥�U�S
#�×�= , 	V�[�|�B�ñ�_
��Æ�¨���_
��Æ�Z	7 , �'���¿ ∀𝑋 ∈ 𝒱(𝑀),
�i�� 𝐶∞ 	Ë�f” 𝑋 𝑖 , 
¡�@

𝑋 = 𝑋 𝑖𝜕𝑖 .

𝒱(𝑀) ^ 𝐶∞ (𝑀) ��¥�� ,𝑋 (𝑓 ) : 𝑀 → R 
¡�@ 𝑑 𝑓 (𝑋 ) (𝑝) = 𝑋 (𝑓 )(𝑝) = 𝐷𝑋 (𝑝) 𝑓 . �#�_
�
�Æ𝑋 	V�[	A�T 𝐶∞ (𝑀) → 𝐶∞ (𝑀), ^ 𝐶∞ (𝑀) ����¥�B�¨�L�Ÿ�±�sØ�0 , �'�| 𝑋 �„
𝐷𝑋 �©�] .

	V�[�9�²���Ø�ñ�_
��Æ�¥���'�Ÿ�É , �'���f”�L�Ÿ , ���_
��Æ�L�Ÿ , 
¡�@�f”�ð
���¥�p�•�E�5 . �³�1�ÿ�i�ž ,Lie 	“�|

[𝑋,𝑌 ] := 𝑋𝑌 − 𝑌𝑋

�9^�B�ñ�_
��Æ (�B�¨�L�Ÿ�±�sØ�0 ).
�ó���B�t Lie 	“�|�¥�Ÿ�É�Â�/ :

1. [𝑋,𝑌 ] = −[𝑌,𝑋 ],

2. [𝛼𝑋 + 𝛽𝑌, 𝑍 ] = 𝛼 [𝑋,𝑍 ] + 𝛽 [𝑌, 𝑍 ],

3. (Jacobi Id)
[[𝑋,𝑌 ], 𝑍 ] + [[𝑍,𝑋 ], 𝑌 ] + [[𝑌, 𝑍 ], 𝑋 ] = 0.

1.4 �†�±�s

Definition 1 ���¿ 𝑓 ∈ C∞ (𝑀, 𝑁 ), �ç�l 𝑑 𝑓 |𝑝 : 𝑇𝑀𝑝 → 𝑇𝑓 (𝑝)𝑁 , 
7 𝑣 = ¤𝛾 (0), �5

𝑑 𝑓 |𝑝 (𝑣) = 𝑑

𝑑𝑡
|𝑡=0 𝑓 ◦ 𝛾 .

�ÿ�i�ž��
¡�@ 𝑑 (𝑓 ◦ 𝑔) |𝑝= 𝑑 𝑓 |𝑔 (𝑝) ◦𝑑𝑔 |𝑝 .

Definition 2 (ℱ-�L�Ÿ ) �Ï 𝐹 : 𝒱 → C∞ (𝑀), 
¡�@ :

1. 𝐹 (𝑋 + 𝑌 ) = 𝐹 (𝑋 ) + 𝐹 (𝑌 ), �� ∀𝑋,𝑌 ∈ 𝒱(𝑀) �î	ë ,

2. 𝐹 (𝑓 𝑋 ) = 𝑓 𝐹 (𝑋 ), �� ∀𝑋 ∈ 𝒱(𝑀), 𝑓 ∈ 𝐶∞ (𝑀) �î	ë ,

�5�ë 𝐹 ^ ℱ-�L�Ÿ�¥ .
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Lemma 1.1 �Ï 𝐹 : 𝒱(𝑀) → 𝐶∞ (𝑀) ^ ℱ-�L�Ÿ�¥ ,𝑝 ∈ 𝑀, �Ï���¿ 𝑋,𝑌 ∈ 𝒱(𝑀) �µ
𝑋 (𝑝) = 𝑌 (𝑝), �5�µ 𝐹 (𝑋 )(𝑝) = 𝐹 (𝑌 ) (𝑝).

�ƒ�ñ�„	Øª
ü ,ℱ-�L�Ÿ�¥�˜�^�ï�Ä�ç�l�¥ .

Remark 1.3 (�©���f” ) �| �ç�B�ñ�V R𝑛 ⊇ 𝑈 → 𝑀 �¥�• ” �Ä 𝜑, 
¡ �@ 𝜑 (𝑈 ) =
Ω, 𝜑 (0) = 𝑝, �5�i���B�ñ�f” 𝜉 ∈ 𝐶∞ (𝑀), 
¡�@ 𝑠𝑢𝑝𝑝 𝜉 ⊆ Ω �Å, �O�� 𝑝 �Ä�¸�Í�|�´�¹
1,𝜕Ω �¸�Í�|�´�¹ 0.



	Ó
£��
�
2

2.1 	Ó
£��
�

�¹
��ó�‰�ê
@�™�®�Í��
��²�� , 	I
n�ï�Ä���M	b�W�Ï�ç�l�=���²�� . �5���¿
��ñ
𝑋,𝑌 ∈ 𝒱(𝑀), �ç�lò
Ì�¥�=���¹ 〈𝑋,𝑌 〉(𝑝) := 〈𝑋 (𝑝), 𝑌 (𝑝)〉, �Œ^�ƒ�B�ç�l�‚�?���£
î�¤�f”�¥�;�Á�Ÿ .

Definition 1 �ç�l 𝐵 : 𝒱2 (𝑀) → 𝐶∞ (𝑀), 
¡�@ :

1. 𝐵(𝑓 𝑋 + 𝑔𝑌, 𝑍 ) = 𝑓 𝐵(𝑋,𝑍 ) + 𝑔𝐵(𝑌, 𝑍 ),

2. 𝐵(𝑋, 𝑓 𝑌 + 𝑔𝑍 ) = 𝑓 𝐵(𝑋,𝑌 ) + 𝑔𝐵(𝑋,𝑍 ),

���Ï 𝑋,𝑌, 𝑍 ∈ 𝒱(𝑀), 𝑓 , 𝑔 ∈ 𝐶∞ (𝑀). �ë 𝐵 ^�B�ñ �L�Ÿ�™T .

Lemma 2.1 �� �¿  �L�Ÿ�™T 𝐵, �Ï 𝑋 (𝑝) = �̃� (𝑝), 𝑌 (𝑝) = �̃� (𝑝), �5 𝐵(𝑋,𝑌 )(𝑝) =
𝐵(�̃� , �̃� )(𝑝).

�5 �¹ 
� �ï �Ä �ç �l �= �� , �� �¿   �L �Ÿ�™T 𝐵,𝑝 ∈ 𝑀,𝑢, 𝑣 ∈ 𝑇𝑀𝑝 , �ç �l 𝐵𝑝 (𝑢, 𝑣) =
𝐵(𝑋,𝑌 )(𝑝), ���Ï 𝑋,𝑌 ∈ 𝒱(𝑀) �O 𝑋 (𝑝) = 𝑢,𝑌 (𝑝) = 𝑣 .

���¿	��†�_
��Æ , �]�"	V�[�G�v�N�E�ç�l :𝑋,𝑌 ∈ 𝒱(Ω),Ω ⊆ 𝑀 ^	7�¥ , �ç�l
𝐵Ω (𝑋,𝑌 )(𝑝) = 𝐵(𝑋 (𝑝), 𝑌 (𝑝)), �5�Ÿ�É�L�. .

�C���ó���� 	� �†�VU : �| 𝐵 �¹�B�ñ �L�Ÿ�™T , �| �ç�B�ñ	��†	5 , 
7 𝐵𝑖 𝑗 =
𝐵( 𝜕

𝜕𝑥8 ,
𝜕

𝜕𝑥 9 ), �5�®�¿ �L�Ÿ�Ÿ , �µ 𝐵(𝑋,𝑌 ) = 𝑋 𝑖𝑌 𝑗𝐵𝑖 𝑗 .
�Ï 𝐵(𝑢,𝑢) ≥ 0 �O�©�|�î	ë�’�O�Ç�’ 𝑢 ≡ 0, �ë 𝐵 �¹�ž�ç�¥ ; �Ï 𝐵(𝑢, 𝑣) = 𝐵(𝑣,𝑢),

�5�ë 𝐵 ^���ë�¥ .

Definition 2 (	Ó
£��
� ) �Ï 𝑔 ^�B�ñ 𝑀 ��¥���ë�ž�ç�¥ �L�Ÿ�™T , �5�ë 𝑔 ^�B
�ñ	Ó
£��
� , �ë�=�í�F (𝑀,𝑔) ^	Ó
£
@�™. �:��
��"”�¹ 𝑔𝑖 𝑗 := 𝑔( 𝜕

𝜕𝑥8 ,
𝜕

𝜕𝑥 9 ).

Example 2.1

1. 𝑅𝑛,

2. �µ�K�» Hilbert 	b�W H,

3. ��!
��º�•��
��¥ 𝑆𝑛.

8
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�ç�l�w�L�¹ 𝛾 : (𝑎,𝑏) → 𝑀 ^�B�ñ 𝐶∞ 	Ë�˜� , �L��ç�l�¹�;�Á�w�L���>�u�W��¥�K
�Å. �w�L�¥�É���ç�l�¹

𝐿(𝛾) =
¹ 𝑏

𝑎
| ¤𝛾 |𝑑𝑡 .

�5	V�[�;Î�º�•	�	Ö�²��
𝑑 (𝑝, 𝑞) := inf 𝐿(𝛾),

���Ï 𝛾 ^	õ�¤ 𝑝, 𝑞 
��Ä�¥î�µ�s��;�Á�w�L , �³�1�ÿ�i�¥^ , �³�1���£��
¡�@��
�
�²���¥�H�q .

Definition 3 (	Ó
£�©	� ) ���¿
��ñ	Ó
£
@�™ 𝑀, 𝑁 , �Ï 𝑓 : 𝑀 → 𝑁 ^�B�ñ�±�s�]� 
�O�ï�Ä���û�=�� , �'���¿ 𝑢, 𝑣 ∈ 𝑇𝑀𝑝 �µ 〈𝑑 𝑓𝑝 (𝑢), 𝑑 𝑓𝑝 (𝑣)〉 = 〈𝑢, 𝑣〉, �5�ë 𝑓 ^�B�ñ�©	�
�]�� .

�Â�T
��ñ	Ó
£
@�™��W�i���B�ñ	Ó
£�©	� , �5�ë�ƒ
��ñ	Ó
£
@�™^	Ó
£�©	��¥ .

Example 2.2 (	��†	Ó
£�©	� ) 𝑓 : 𝑀 → 𝑁 ^�;�Á�¥ , �Ï���¿ ∀𝑝 ∈ 𝑀, ∃𝑈 ⊆ 𝑀, 𝑝 ∈ 𝑈
^��
#�× ,∃𝑉 ⊆ 𝑁, 𝑓 (𝑝) ∈ 𝑁 ^��
#�× , �O 𝑓 : 𝑈 → 𝑉 ^	Ó
£�©	� , �5�ë 𝑓 ^�B�ñ	�
�†	Ó
£�©	� .

Lemma 2.2 𝑓 ^�B�ñ	��†	Ó
£�©	� , �’�O�Ç�’���¿ 𝑢, 𝑣 ∈ 𝑇𝑀𝑝 �µ 〈𝑑 𝑓𝑝 (𝑢), 𝑑 𝑓𝑝 (𝑣)〉 =
〈𝑢, 𝑣〉, ���Ï 𝑝 �|�R�œ�ñ
@�™ 𝑀.

Example 2.3 (𝑆1 �¥	Ó
£�¯�ß ) ���¿ 𝑓 : R → 𝑆1, 𝑓 (𝜃 ) → (cos𝜃, sin𝜃 ), ��^�B�ñ	��†
	Ó
£�©	� , �ë�ƒ�ñ�¯�ß�˜��¹	Ó
£�¯�ß .

�C���)
‚	Ó
£�©	��¥�Ÿ�É . ���¿ 𝑓 : 𝑀 → 𝑁 ^�B�ñ	��†	Ó
£�©	� , �µ :

1. ���¿�s��;�Á�¥ 𝛾 : [𝑎, 𝑏] → 𝑀, 
¡�@ 𝐿(𝛾) = 𝐿(𝑓 ◦ 𝛾)1,

2. ���¿ 𝑝, 𝑞 ∈ 𝑀, �µ 𝑑 (𝑓 (𝑝), 𝑓 (𝑞)) ≤ 𝑑 (𝑝, 𝑞),

�C����
@�™��ç�l���s , 
7 𝜑 : R𝑛 → R𝑛 ^�B�ñ�±�s�]�  , �O 𝑓 ∈ 𝐶𝑐 (R𝑛),
¹

R=
𝑓 (𝑦)𝑑𝑦 𝑦=𝜑 (𝑥)

=========
¹

R=
𝑓 (𝐷𝜑 (𝑥)) | det(𝜑 (𝑥) |𝑑𝑥,

�ÿ�i�ž
𝜕

𝜕𝑥𝑖
(𝜑 (𝑥)) = 𝑑

𝑑𝑡
|𝑡 𝜑 (𝑥 + 𝑡𝑒𝑖 ) =

𝜕𝜑

𝜕𝑥𝑖
(𝑥),

�O

𝐷𝜑 = ( 𝜕𝜑
𝜕𝑥1

, · · · , 𝜕𝜑
𝜕𝑥𝑛

),

1	I
n ¹ 1

0
| 𝑑
𝑑𝑡

(𝑓 ◦ 𝛾 ) (𝑡 ) |𝑑𝑡 =
¹ 1

0
|𝑑𝑓W(C) ¤𝛾 (𝑡 ) |𝑑𝑡 =

¹ 1

0
| ¤𝛾 (𝑡 ) |𝑑𝑡 = 𝐿 (𝛾 ) .
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| det𝐷𝜑 | =
q
det(𝐷𝜑, (𝐷𝜑)𝑇 ) =

r

det( 𝜕

𝜕𝑥𝑖
,
𝜕

𝜕𝑥 𝑗
),

�#�µ ¹

R=
𝑓 (𝑦)𝑑𝑦 𝑦=𝜑 (𝑥)

=========
¹

R=
𝑓 (𝐷𝜑 (𝑥))

q
det(𝑔𝑖 𝑗 (𝜑 (𝑥))𝑑𝑥,

�9�|
p
det(𝑔𝑖 𝑗 (𝜑 (𝑥)) �:�T

√
𝑔. �C��	I
n
@�™��¥���s , 
7 𝜑 : 𝑈 ⊆ R𝑛 → 𝑀,

𝑓 ∈ 𝐶𝑐 (𝑀), 𝑠𝑢𝑝𝑝 𝑓 ⊂⊂ 𝜑 (𝑈 ) ^�B�ñ�U�S
#�× ,𝜑 = 𝜑 (𝑥), ���_
��Æ�:�T 𝜕
𝜕𝑥8 , ��
��"”

�:�T 𝑔𝑖 𝑗 , �ç�l

𝐼 (𝑓 ) =
¹

𝑈
𝑓 (𝜑 (𝑥))

q
det(𝑔𝑖 𝑗 (𝜑 (𝑥)))𝑑𝑥.

�C���³�1�£
ü���s�Ð�U�S�"�Ê�|�í�1 , �5���|�B�ñ�•”�Ä , 
7 𝜓 : 𝑉 ⊆ R𝑛 → 𝑀,
𝑓 ∈ 𝐶𝑐 (𝑀), 𝑠𝑢𝑝𝑝 𝑓 ⊂⊂ 𝜓 (𝑉 ) ^�B�ñ�U�S
#�× ,𝜓 = 𝜓 (𝑥), ���_
��Æ�:�T 𝜕

𝜕𝑦8 , ��
��"”
�:�T f𝑔𝑖 𝑗 , �ç�l

𝐼 (𝑓 ) =
¹

𝑉
𝑓 (𝜓 (𝑥))

q
det( f𝑔𝑖 𝑗 (𝜓 (𝑦)))𝑑𝑦.


7

𝑦 = 𝐹 (𝑥) = (𝜓−1 ◦ 𝜑)(𝑥),
𝑥 = 𝐹−1 (𝑦) = (𝜑−1 ◦𝜓 ) (𝑦).

�5�µ
𝜕

𝜕𝑦𝑖
=

Õ

𝑘

𝐷𝑖𝐹
−1
𝑘 (𝑦) 𝜕

𝜕𝑥𝑘
(𝜓 (𝑦)),

f𝑔𝑖 𝑗 (𝜓 (𝑦)) = 𝑔(
𝜕

𝜕𝑦𝑖
(𝜓 (𝑦)), 𝜕

𝜕𝑦 𝑗
(𝜓 (𝑦))) =

Õ

𝑘,𝑚

𝐷𝑖𝐹
−1
𝑘 (𝑦)𝐷 𝑗𝐹

−1
𝑚 (𝑦)𝑔𝑘𝑚 (𝜓 (𝑦)),

�4�³ RHS �¥�™T, �ÿ�i�ž ( f𝑔𝑖 𝑗 ) = (𝐷𝐹−1)𝑇 (𝑔𝑖 𝑗 )𝐷𝐹−1, �5
q
det( f𝑔𝑖 𝑗 (𝜓 (𝑦))) = | det𝐷𝐹−1 (𝑦) |

q
det(𝑔𝑖 𝑗 (𝜓 (𝑥))) .

�5�ô	��M
��9�Ð��T , �µ

𝐼 (𝑓 ) = 𝑦=(𝜓−1◦𝜑) (𝑥) :=𝐹 (𝑥)
=====================

¹

𝑈
𝑓 (𝜑 (𝑥)) | det𝐷𝐹−1 (𝑦) |

q
det(𝑔𝑖 𝑗 (𝜓 (𝑥))) | det𝐷𝐹−1 (𝑦) |𝑑𝑥 = 𝐼 (𝑓 ).

�’ 𝑠𝑢𝑝𝑝 𝑓 �‚�?�$�B�ñ�•”�Äî��ÂH , �©�|�B�ñ�U�S��Â Ω𝑖 P�¤
Ä�ñ Ω𝑖 ⊂⊂
���B�ñ�ó�ç�¥ 𝑈 , �5�i���†�Ê�s�·�f” 𝜉𝑖 , �ç�l���s�¹

𝐼 (𝑓 ) :=
Õ

𝑖

𝐼 (𝜉𝑖 𝑓 ).

	V�[���£�ƒ�B�ç�l^
��ç�l�¥ .
�ÿ�i�ž ,𝐼 �ç�l
��B�ñ 𝐶𝑐 (𝑀) → R ��¥�L�Ÿ�d�µ�W�f , �5�® Riesz �V�C�ç	Ø�© ,

�i���B�ñ 𝑀 ��¥�ž�5 Borel �©�� 𝑉 , ���s�¥�ç�l�À�N�²• .
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2.2 	ó
Ž

	I
n�ž
@�™�¥�;�Á�²���i�‚���c�"���_
��Æ�p�•�¥�?	ï , �#�³�1��	Ø�Ä�¹�ç�l��î
�Ì	ó
Ž .

Definition 1 (�_�	ó
Ž ) ���¿�;�Á
@�™ 𝑀, �ç�l 𝐷 : 𝒱2 (𝑀) → 𝒱(𝑀), 𝐷 (𝑋,𝑌 ) =:
𝐷𝑋𝑌 , ��
¡�@ :

1. 𝐷𝑋 (𝛼𝑌 + 𝛽𝑍 ) = 𝛼𝐷𝑋𝑌 + 𝛽𝐷𝑋𝑍,(linearity),

2. 𝐷 𝑓 𝑋+𝑔𝑌𝑍 = 𝑓 𝐷𝑋𝑌 + 𝑔𝐷𝑋𝑍,(ℱ-linearity),

3. 𝐷𝑋 (𝑓 𝑌 ) = (𝑋 𝑓 )𝑌 + 𝑓 𝐷𝑋𝑌 .(Leibnitz).

�5�ë 𝐷 �¹ 𝑀 ��¥ �_�	ó
Ž . �ë 𝐷𝑋𝑌 �¹ 𝑌 �� 𝑋 �¥�x�M�•” .

���ª�Ó�Ï	(j 𝐷 �¹�B�ñ�|�ç�¥�_�	ó
Ž .

Lemma 2.3 �Ï 𝑌, e𝑌 ∈ 𝒱(𝑀), �O�� 𝑝 �Ä�¥���t
#�×�=
¡�@ 𝑌 = e𝑌 , �5���¿
Ä�ñ
𝑋 ∈ 𝒱(𝑀), �µ (𝐷𝑋𝑌 )(𝑝) = (𝐷𝑋 e𝑌 )(𝑝).

Proof. �| 𝑝 �¥�B�ñ
#�× Ω 
¡�@ 𝑌 = e𝑌 , �5
7 𝑍 := 𝑌 − e𝑌 = 0 �ç�l�� Ω �Ï , �5�º�³�£

ü (𝐷𝑋𝑍 )(𝑝) = 0.


7 𝜉 ∈ 𝐶∞
𝑐 (𝑀) ^�©���f” , �'��
¡�@ 𝑠𝑢𝑝𝑝 𝜉 ⊂⊂ Ω, �O�� 𝑝 �¸�Í�µ 𝜉 ≡ 1. �ÿ�i�ž

𝜉𝑍 ≡ 0, �5�µ
𝐷𝑋 (𝜉𝑍 ) = (𝑋𝜉)𝑍 + 𝜉𝐷𝑋𝑍,

�'�� 𝑝 �Ä�¸�Í�µ 𝜉𝐷𝑋𝑍 = 0, 
üî�à�£ . �

Lemma 2.4 �Ï 𝑋, e𝑋 ∈ 𝒱(𝑀), 𝑋 (𝑝) = e𝑋 (𝑝), �5 (𝐷𝑋𝑌 ) (𝑝) = (𝐷 e𝑋𝑌 )(𝑝).

Proof. 	I
n�ž�� ℱ-�L�Ÿ�Ÿ , �ð���5	ë�¤�î	ë . �
�C��	I�³�_
��Æ�¥�ü�‰ , �Ï 𝑋 ∈ 𝒱(Ω), 𝑝 ∈ 𝑀, 𝑣 ∈ 𝑇𝑀𝑝 , �5�º�³
7

𝐷𝑣𝑋 (𝑝) = 𝐷𝑉 e𝑋 (𝑝).

���Ï ,e𝑋 ∈ 𝒱(𝑀) �O�Ð 𝑋 �� Ω �Ï�M�© ,𝑉 ∈ 𝒱(𝑀), 
¡�@ 𝑉 (𝑝) = 𝑣 .
�C��	æ�¨�ƒ�B�Ä�ç�l	��†	ó
Ž , 
7 𝑋,𝑌 ∈ 𝒱(Ω), �ï�Ä�ç�l 𝐷𝑋𝑌 (𝑝) := 𝐷𝑋 (𝑝)𝑌 (𝑝)

�Â� , �5	V�[�ç�l Ω �Ï�¥	ó
Ž .

Definition 2 (	ó
Ž�"” ) 
7

𝐷 m
mG8

𝜕

𝜕𝑥 𝑗
= Γ𝑘𝑖 𝑗

𝜕

𝜕𝑥𝑘
.

���Ï Γ𝑘𝑖 𝑗 ^ 𝐶∞ 	Ë�f” , �$�ë�¹	ó
Ž�"”�� Christoffel �:�| .
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�ÿ�i�ž�®�¿ ℱ-�L�Ÿ�Ÿ�„�L�Ÿ�Ÿ , 	ó
Ž�"”�·�B	%�ç
��B�ñ	ó
Ž . �Z	7�9Ø , �¤ :

𝐷𝑋𝑌 = 𝑋 𝑖𝐷𝑖𝑌
𝑗 𝜕

𝜕𝑥 𝑗
= 𝑋 𝑖 𝜕𝑌

𝑗

𝜕𝑥𝑖
𝜕

𝜕𝑥𝑘
+ 𝑋 𝑖𝑌 𝑗Γ𝑘𝑖 𝑗

𝜕

𝜕𝑥𝑘

=
Õ

𝑘

(𝑋 𝑖 𝜕𝑌
𝑘

𝜕𝑥𝑖
+ 𝑋 𝑖𝑌 𝑗Γ𝑘𝑖 𝑗 )

𝜕

𝜕𝑥𝑘
.

Lemma 2.5 �|�ç 𝑣 ∈ 𝑇𝑀𝑝 , �5 𝐷𝑣 �$ 𝛾 : [0, 1] → 𝑀,𝛾 (0) = 𝑝, ¤𝛾 (0) = 𝑣 �·�B	%�ç .

Definition 3 ���¿�;�Á�¥ 𝛾 : (𝑎,𝑏) → 𝑀 �„ 𝑋 : (𝑎, 𝑏) → 𝑇𝑀, �Ï 𝑋 (𝑡) = 𝑇𝛾 (𝑡 )𝑀, �5�ë
𝑋 ^ 𝛾 ��¥�_
��Æ .

Example 2.4 ���¿ 𝑋 ∈ 𝒱(𝑀), 
7 𝑌 = 𝑋 ◦ 𝛾 , �5 𝑌 	V�[	A�T�B�ñ�w�L 𝛾 ��¥�_
�
�Æ.resp., 	I
n�w�L 𝛾 ��¥�_
��Æ 𝑌 , ��	V�[�ü�‰�ž�œ�ñ
@�™ .

Remark 2.1 �ÿ�i�ž 𝑌 �ü�‰�¥�H�q : ��	��†���M�_
��‚�¹ 0 �_
� , �5����	��†�^
�B�ñ�3�Æ�0
@�™, î�[	V�[�S	��†��¥�ü�‰ .

Theorem 1 ���¿
@�™ 𝑀 ��¥�_�	ó
Ž 𝐷 �„�B�H�;�Á�w�L 𝛾 : (𝑎,𝑏) → 𝑀, �5�i��
�B�ñØ�0 𝜕𝑡 : 𝒱(𝛾) → 𝒱(𝛾), �����¿ 𝑋,𝑌 ∈ 𝒱(𝛾) 
¡�@ :

1. 𝜕𝑡 (𝛼𝑋 + 𝛽𝑌 ) = 𝛼𝜕𝑡𝑋 + 𝛽𝜕𝑡𝑌 ,

2. 𝜕𝑡 𝑓 𝑋 = ¤𝑓 𝑋 + 𝑓 𝜕𝑡𝑋 ,

3. �Â�T 𝑋 �µ�B�ñ	��†	”�f e𝑋 ∈ 𝒱(Ω) 
¡�@ 𝑋 (𝑡) = e𝑋 (𝛾 (𝑡)), �5

𝐷 ¤𝛾 (𝑡 ) e𝑋 (𝛾 (𝑡)) = 𝑑𝑋 (𝑡)
𝑑𝑡

.

Example 2.5 ���¿ 𝛾 (𝑡) ≡ 𝑝, 𝑣 ∈ 𝑇𝑀𝑝 , 𝑓 ∈ 𝐶∞ (R), 𝑋 (𝑡) = 𝑓 (𝑡)𝑣, �5�Ü�V�9Ø�¤

𝜕𝑡𝑋 = ¤𝑓 (𝑡)𝑣 + 𝑓 𝜕𝑡 (𝑣) = ¤𝑓 (𝑡)𝑣 .

�ÿ�i�ž�ô	��ç�l , �ƒ	Ú�¥ 𝑓 𝜕𝑡 (𝑣) = 𝐷 ¤𝛾 (𝑡 )𝑉 = 𝐷0𝑉 = 0. ���Ï 𝑉 ∈ 𝒱(𝑀),𝑉 (𝑝) = 𝑣.

�C���9Ø�¾Ø�0�¥�U�S�VU , 
7 𝑋 (𝑡) = 𝑋 𝑖𝜕𝑖 ∈ 𝒱(𝛾), ¤𝛾 (𝑡) = ¤𝛾𝑖 (𝑡)𝜕𝑖 , �5�µ

¤𝑋 (𝑡) := 𝑑𝑋 (𝑡)
𝑑𝑡

= 𝐷 ¤𝛾 (𝑡 ) e𝑋 (𝛾 (𝑡))

= ¤𝑋 𝑖 𝜕

𝜕𝑥𝑖
+ 𝑋 𝑖 ¤𝛾𝑖𝐷 m

mG9

𝜕

𝜕𝑥𝑖

= ¤𝑋 𝑖 𝜕

𝜕𝑥𝑖
+ 𝑋 𝑖 ¤𝛾 𝑗Γ𝑘𝑖 𝑗

𝜕

𝜕𝑥𝑘
.
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���ƒ	Ú�| 𝑋 = ¤𝛾 (0), �¤�ž

𝑑2

𝑑𝑡2
𝛾 = ¥𝛾𝑖 𝜕

𝜕𝑥𝑖
+ ¤𝛾𝑖 ¤𝛾 𝑗Γ𝑘𝑖 𝑗

𝜕

𝜕𝑥𝑘
.

YL� , �T�¥�™T�Ð�©�¹�L�Z�ñ�M�] . �ÿ�i�ž�’�P�
�[�©�¿ 0 �O	ó
Ž^ Levi-Civita
	ó
ŽHH��
¡�@�©�¹�H�q .

2.3 Levi-Civita 	ó
Ž

“ ... �9�V
ü	ó
Ž^þ��
� ! �y�N�Â�T�‚�É�B�„�K�Å , �B�î	ó
Ž�¥�ù�î
�L
À���v�i± . ”�Ð�Ï , �¦
Ì�A�¶�Ê���µ�•�¥���`�S'�Æ�ù�î . �T�¹
�»�B�Q�G�Ê , �¦
Ì�?�¹�ù	Ó
£��
��G���B�ñ�ã�µ�i±�¥	ó
Ž , �ƒ��
�/�B��1�%�ƒ�¥ . ”

�ø�Ÿ�� , �u	Ó
£�+�…���„�v 2

���ƒ�B�l�« , �á
Ì�|�ç�l�B�ñ�†	Ø�¥�_�	ó
Ž . ���1�¿	Ó
£��
�	��µ�i���·�B�Ÿ . �á

Ì�a	V�4�-ª��ò�¥���3�7�i�d�]�ƒ>�€�Ç�Q :Levi-Civita 	ó
Ž . 	��8	Ÿª , 	I
n�_
�	ó
Ž�„	Ó
£��
��¥�M�¸�Ÿ .

Definition 1 (Levi-Civita 	ó
Ž ) ��	Ó
£
@�™ (𝑀,𝑔) �7�ý , �i���·�B�·�ç	ó
Ž 𝐷 
¡
�@: ���¿�©�i�¥ 𝑋,𝑌, 𝑍 ∈ 𝒱(𝑀) �7�ý , 
¡�@ :

1. 𝑋 〈𝑌, 𝑍 〉 = 〈𝐷𝑋𝑌, 𝑍 〉 + 〈𝑌, 𝐷𝑋𝑍 〉(����
� ),

2. 𝐷𝑋𝑌 − 𝐷𝑌𝑋 − [𝑋,𝑌 ] = 0(�í�6 ).

Remark 2.2 �ÿ�i�ž , ���¿����
��¥	ó
Ž 𝐷, �µ

𝜕𝑡 〈𝑋 (𝑡), 𝑌 (𝑡)〉 = 〈𝜕𝑡𝑋,𝑌 〉 + 〈𝑋, 𝜕𝑡𝑌 〉.

���¿�í�6�¥	ó
Ž , ���1�–�µ 𝐷𝑖
𝜕

𝜕𝑥 9 = 𝐷 𝑗
𝜕
𝜕𝑥8 , �' Γ𝑘𝑖 𝑗 = Γ𝑘𝑗𝑖 .

Proof. �C��	ŸØ Levi-Civita 	ó
Ž�¥�s
��™T , �ƒ�|�£
ü���·�B�Ÿ . �ÿ�i�ž��
��"”
𝑔𝑖 𝑗 := 〈𝜕𝑖 , 𝜕𝑗 〉, �5�µ

𝜕𝑘𝑔𝑖 𝑗 = 〈𝐷𝜕: 𝜕𝑖 , 𝜕𝑗 〉 + 〈𝜕𝑖 , 𝐷𝜕: 𝜕𝑗 〉
= Γ𝑙𝑘𝑖𝑔 𝑗𝑙 + Γ𝑙𝑘 𝑗𝑔𝑖𝑙 .

2�' [W89].
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£��
�

�ô	�
}�Ð���ë�Ÿ , 
”�	V�[�•����ð
��F

𝜕𝑖𝑔 𝑗𝑘 = Γ𝑙𝑖 𝑗𝑔𝑙𝑘 + Γ𝑙𝑖𝑘𝑔 𝑗𝑙 ,

𝜕𝑗𝑔𝑖𝑘 = Γ𝑙𝑖 𝑗𝑔𝑙𝑘 + Γ𝑙𝑗𝑘𝑔𝑖𝑙 .

P�¨���Å�±�s�+�…�Ï�Ü�Å�¥�*�B�*�M�F�h�ª�·�S
}�Ð�¥�Ü�$ , �¤�ž

2𝑔𝑙𝑘Γ
𝑙
𝑖 𝑗 = 𝜕𝑖𝑔𝑖𝑘 + 𝜕𝑗𝑔𝑖𝑘 − 𝜕𝑘𝑔𝑖 𝑗 ,

�'^

Γ𝑘𝑖 𝑗 =
1
2
𝑔𝑙𝑘 (𝜕𝑖𝑔𝑖𝑙 + 𝜕𝑗𝑔𝑖𝑙 − 𝜕𝑙𝑔𝑖 𝑗 ) .

���Ï , �ƒ	Ú�¥ 𝑔𝑙𝑘 
¡�@ 𝑔 𝑗𝑘𝑔𝑖 𝑗 = 𝛿𝑖𝑘 . �À�N�L�£
ü
��Ï Levi-Civita 	ó
Ž�i�� , �5���$��

��"”�·�B	%�ç .

�7���¿�i���Ÿ�¥
‚�£ , �‚�^�|�ç	��†�U�S�" , 
7 𝑋 = 𝑋 𝑖𝜕𝑖 , 𝑌 = 𝑌 𝑗 𝜕𝑗 , �5�ç�l
Levi-Civita 	ó
Ž�¥	��†�V�rT�¹

𝐷𝑋𝑌 = 𝑋 𝑖 (𝜕𝑖𝑌 𝑗 + 𝑌 𝑗Γ 𝑗
𝑖𝑙
)𝜕𝑗 .

�5	V�[���£��^�‚�G	 �¿�U�S	5�¥�Ê�| , 
��ç�l�¥ , �9	V�[���£���’L
¡�@�5�"�ó
�ç�¥�H�q .3�#�i���Ÿ�¤�£ . �

Example 2.6 �ç�l�;�Á�w
ë 𝑓 = 𝑓 (𝑠, 𝑡) �¹

𝑓 : (𝑎,𝑏) × (𝑐, 𝑑) → 𝑀,

�%�ç���Ï�B�ñ�•” 𝑠, �ž 𝑡 �;�Á�M�Ä , �5�¤�ž�B�ñ�w�L�B , �:�T 𝑓𝑠 (𝑡).4 �]�"	V�[�%�ç
𝑡 , �ž 𝑠 �;�Á�M�Ä , �¤�ž
6�B�ñ�w�L�B , �:�T 𝑓𝑡 (𝑠).

�ç�l�w
ë��¥�_
��Æ . 
7 𝑋 : (𝑎, 𝑏) × (𝑐, 𝑑) → 𝑇𝑀, �Ï 𝑋 (𝑠, 𝑡) ∈ 𝑇𝑀𝑓 (𝑠,𝑡 ) , �5�ë
𝑋 ∈ 𝒱(𝑓 ).


Ä�ñ�w
ë��µ
��ñ�1�–�¥�M�_
��Æ . �s�Y^ 𝜕𝑓
𝜕𝑡 := 𝑑𝑓B

𝑑𝑡 �„ 𝜕𝑓
𝜕𝑠 := 𝑑𝑓C

𝑑𝑡 . �ÿ�i�ž�ƒ

��ñ�_
��û	V�[	A�T
��B �w�L��¥�_
��Æ . �ÿ�i�ž�ƒ�t�_
��Æ�û	V�[�?�Ã���"
��B
�w�L�p�• , �5�¤�ž¹�ñ�_
��Æ . �s�Y^

𝜕2 𝑓

𝜕𝑡2
,

𝜕2 𝑓

𝜕𝑠𝜕𝑡
,

𝜕2 𝑓

𝜕𝑡 𝜕𝑠
,

𝜕2 𝑓

𝜕2𝑠
.

�á
Ì�©�¡���w�L 𝛾 �¥�_
��µ���w�L�¥�•”

𝑑𝑋

𝑑𝑡
= (𝑑𝑋

𝑘

𝑑𝑡
+ Γ𝑘𝑖 𝑗 ¤𝛾𝑖𝑋 𝑗 ) 𝜕

𝜕𝑥𝑘
.

�|�ç�B�ñ�U�S�˜� 𝜑, �5
7 𝑓 𝑗 := (𝜑−1 ◦ 𝑓 ) 𝑗 , �µ

𝜕𝑓

𝜕𝑡
=
𝜕𝑓 𝑖

𝜕𝑡

𝜕

𝜕𝑥𝑖
,

𝜕𝑓

𝜕𝑠
=
𝜕𝑓 𝑗

𝜕𝑠

𝜕

𝜕𝑥 𝑗
.

3�’�– , 	¬�'�À���¥�3�€�1�–
À�S�N�ý�T .
4�ë�¹�w�L�¥�M�s .
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�ÿ�i�ž 𝜕2 𝑓
𝜕𝑠𝜕𝑡 �í�d^ 𝜕𝑓

𝜕𝑡 ���" 𝑓𝑡 (𝑠) �¥�•” , �¤�ž

𝜕2 𝑓

𝜕𝑠𝜕𝑡
= ( 𝜕

2 𝑓 𝑘

𝜕𝑠𝜕𝑡
+ Γ𝑘𝑖 𝑗

𝜕𝑓 𝑖

𝜕𝑠

𝜕𝑓 𝑗

𝜕𝑡
) 𝜕

𝜕𝑥𝑘
,

�]�"�¤�ž
𝜕2 𝑓

𝜕𝑡 𝜕𝑠
= ( 𝜕

2 𝑓 𝑘

𝜕𝑡𝜕𝑠
+ Γ𝑘𝑖 𝑗

𝜕𝑓 𝑖

𝜕𝑡

𝜕𝑓 𝑗

𝜕𝑠
) 𝜕

𝜕𝑥𝑘
.

�1���ò�[ , �¤�©
𝜕2 𝑓

𝜕𝑠𝜕𝑡
=
𝜕2 𝑓

𝜕𝑡 𝜕𝑠
.

�'���w
ë��¥�=�¨���†�•”	V�[�Œ�Ð¨�½ .
�³�1�ÿ�i�¥^ , �p�Ø�¨�•�B�î�‚�?�Œ�Ð¨�½ , �"�d�¾�Ü
ë^�Ü���¥ .



�©�¹�L
3

3.1 �©�¹�L

	I
n�B�H�;�Á�w�L 𝛾 = 𝛾 (𝑡), �����S�Ü�M�¥���•”�Ä�¤�ž 𝛼 (𝑡) = 𝛾 (𝑡 + 𝑡0), �5	I�³Î
���„�FÎ���¥�M�î�1�" . ���ý�‹�’�µ�1�"

¤𝛼 (𝑡) = ¤𝛾 (𝑡 + 𝑡0),
¥𝛼 (𝑡) = ¥𝛾 (𝑡 + 𝑡0).

	I�³%ê�Q��M�Ð 𝛼 (𝑡) = 𝛾 (𝑘𝑡), ���Ï 𝑘 ∈ R, �5���ý

¤𝛼 (𝑡) = 𝑘 ¤𝛾 (𝑘𝑡),
¥𝛼 (𝑡) = 𝑘2 ¥𝛾 (𝑘𝑡).

Definition 1 (�Ü�› ) �ë�_
��Æ 𝑋 ���" 𝛾 �Ü�› , �Ï 𝑑𝑋/𝑑𝑡 ≡ 0.

�ÿ�i�ž�_
��Æ�Ü�›�¥�H�q�ó�ç
��B�ñ�B�¨�L�Ÿ�"�d , �5�ô	� ode ���´�Ù�5�³�¥
�i���·�B�Ÿ , �µ�²
‚�Â�/ : �ó�ç�B�ñ�w�L� 𝛾 | [0,1] , �5���¿ 𝑇𝑀𝛾 (0) �Ï
Ä�ñ�_
� 𝑣 , �û
�µ�·�B�¥���" 𝛾 �Ü�›�¥�_
��Æ .

�C��	I
n�©�¹�Z�ñ
𝑑2

𝑑𝑡2
𝛾 = 0,

�ÿ�i�ž�� R𝑛 �Ï , ���µ�Y�³ 𝛾 (𝑡) = 𝑎𝑡 + 𝑏, 	I
n
@�™��¥�³ .
n�5���µ�+�³ 𝛾 ≡ 𝑝, 𝑝 = 𝑐𝑜𝑛𝑠𝑡 . �ë���¹�Ü�O�³ .

Definition 2 (�©�¹�L ) �Ï�w�L 𝛾 
¡�@�©�¹�L�Z�ñ , �O 𝛾 . 𝑐𝑜𝑛𝑠𝑡 ., �5�ë 𝛾 ^�B�H�©
�¹�L .

Example 3.1 1. �xf	b�W�Ï�¥�©�¹�L

	I
n�� R𝑛 �Ï ,¥𝛾 = 0, �5 𝛾 (𝑡) = 𝑎𝑡 + 𝑏, ���E��^�°�L .

2. �o
ë��¥�©�¹�L

�‚�^�|�B�ñ���¡��¥�v�õ

𝛾 (𝑡) = (cos 𝑡, sin 𝑡, 0),

16
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�¹
��u�s , �xf	b�W�Ï�¥	ó
Ž�:�T 𝐷,𝑆2 ��¥	ó
Ž�:�T ∇. �5

¥𝛾 (𝑡) = ∇
𝑑𝑡

¤𝛾,

�ó
��ñ 𝑆2 ��¥�;�Á�_
��Æ 𝑋,𝑌 ∈ 𝒱(𝑆2), 	V�[�|���ü�‰�ž�œ�ñ�xf	b�W , �:
���ü�‰�¹ �̃� , �̃� . ���ý 1

∇𝑋𝑌 = (𝐷�̃� �̃� |𝑆2 )𝑇 .
�ƒ	Ú�¥ 𝑇 �VU 𝑝𝑟𝑜 𝑗 : 𝑇R3 → 𝑇𝑆2, ^�B�ñ���"�o
ë�M�Z�_�¥�ž�Œ�g�• .

Remark 3.1 �ÿ�i�ž�Â��¥�)
‚	V�[�w�<�ž�©�…�3�Æ�0
@�™�Ï .

�ô	�	åN�¥�É�ñ , �5�Ü ¤𝛾 (𝑡) �ü�‰�ž 𝑆2 �Ï , �:�T 𝑋 2, ���Ü 𝑋 �ü�‰�ž R3 �Ï , �:
�T �̃� . �5

∇
𝑑𝑡

¤𝛾 = ∇ ¤𝛾 (𝑡 )𝑋 = ∇𝑋𝑋 (𝛾 (𝑡)) = (𝐷�̃� �̃� |𝑆2 )𝑇 (𝛾 (𝑡)),

�9Ø 𝑅𝐻𝑆, �5

𝑅𝐻𝑆 = (𝐷 (̃𝑋 )�̃� (𝛾 (𝑡)))𝑇

= (𝐷 ¤𝛾 (𝑡 )�̃� )𝑇

= ( 𝑑
𝑑𝑡

¤𝛾)𝑇

= (− cos 𝑡,− sin 𝑡, 0)𝑇

= 0.

3.2 �·”�˜�v

�:�|ª
ü : �: 𝜋 : 𝑇𝑀 → 𝑀 ^�M�W�ž�¸
@�™�¥�g�• .
�¹
��³�©�¹�L�Z�ñ , �ó�ç���´�H�q

(
¥𝛾 = 0,

𝛾 (0) = 𝜋𝑣, ¤𝛾 (0) = 𝑣 .

�ÿ�i�ž�©�¹�L�Z�ñ�� local chart �/^�B�ñ�d�L�Ÿ�=�¨ ode, �#���³ 𝛾 : (−𝜀, 𝜀) → 𝑀
^	��†�i���·�B�¥ . �O	��†�i���·�B�¥�³	V�[�ü�‰�î�¹�B�ñ���v�¥�³

𝛾 : (𝑎𝑣, 𝑏𝑣) → 𝑀,

�O −∞ ≤ 𝑎𝑣 < 0 < 𝑏𝑣 ≤ +∞. �á
Ì�C�����ý , 
@�™�T�¹��
�	b�W^�›�!�¥ , �5�����v
�©�¹�L�¥�ç�l�×^ R.(Hopf-Rinow)

1�ÿ�i�ž 𝐿𝐻𝑆 �M�’�¿�� R3 �Ï���o
ë�¥�M�Z�_�p�• (�ƒ�B�Ä���£
�
��ç�l ); �O	V�[�£
ü 𝑅𝐻𝑆 ^�B�ñ
Levi-Civita 	ó
Ž . �#�ô	� Levi-Civita 	ó
Ž�¥�·�B�Ÿ , �¤�ž�P�·�M�© .

2�ƒ�B�ü�‰�¥�†	Ø�Ÿ	Ÿ�1 𝛾 ^�����¥ , �5��^�d�|�Ä�¥ , �#����	��†^�B�ñ�B�»�3�Æ�0
@�™ .
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�³�1�ÿ�i�¥^ ,𝛾 �³�1�;�Á�G	 �¿���´ . �¹
�	I�³���´�Ù�5 , �: Γ(𝑣, 𝑡) ^���´�¹ 𝑣
H�©�¹�L�Z�ñ�¥�³ . �ÿ�i�ž Γ : 𝐷𝑜𝑚𝑇 ⊆ 𝑇𝑀 × R → 𝑀, 	I
n�ž�³���•”�¥�G	 ^	õ
�Ã�¥ , �5 𝐷𝑜𝑚 Γ ^	7�" . �ÿ�i�ž

𝐷𝑜𝑚 Γ =
Ø

𝑣∈𝑇𝑀
{𝑣} × (𝑎𝑣, 𝑏𝑣).

�C���ó���+�H�©�¹�L�¥�Ÿ�É :

1. | 𝑑𝑑𝑡 Γ(𝑣, 𝑡) | ≡ |𝑣 |.
Proof. �: 𝛾 ∈ Γ. �9Ø

𝑑

𝑑𝑡
〈 ¤𝛾, ¤𝛾〉 = 2〈¥𝛾, ¤𝛾〉 = 0,

�# | ¤𝛾 | ≡ 𝐶 = |𝑣 |. �9Ø�¶�É ,

𝑠 =
¹ 𝑡

0
| ¤𝛾 | = |𝑣 |𝑡 .

�#���¿�©�¹�L , �¶�É�ž�1�¿�•” 𝑡 . �

2. Γ(𝑣, 𝑘𝑡) = Γ(𝑘𝑣, 𝑡).(homogeneous of geodesic)
Proof. �s�Y�:

𝛼 (𝑡) = Γ(𝑣, 𝑡),
𝛽 (𝑡) = Γ(𝑘𝑣, 𝑡),
𝛾 (𝑡) = Γ(𝑣, 𝑘𝑡).

�¹
��£
ü�ð���5 , �º�³�£
ü 𝛽 �„ 𝛾 �M�©, �#�º�³�£
ü 𝛾 ^�©�¹�L�O ¤𝛾 (0) = ¤𝛽 (0).
�9Ø

¤𝛾 (𝑡) = 𝑘 ¤𝛼 (𝑘𝑡), ¤𝛾 (0) = 𝑘 ¤𝛼 (0) = 𝑘𝑣 = ¤𝛽 (0),
¥𝛾 (𝑡) = 𝑘2 ¥𝛼 (𝑘𝑡) = 0,

�#
üî�à�£ . �

���ó���»�Ø�H�Ÿ�É��- , �5�ç�lî�Ì�·”�˜� :

Definition 1 (�·”�˜� ) �ç�l

𝐸 := {𝑣 ∈ 𝑇𝑀 : 1 ∈ (𝑎𝑣, 𝑏𝑣)}.

���Ï (𝑎𝑣, 𝑏𝑣) ^�[ 𝑣 �¹��Î���¥�©�¹�L�¥���v�i���u�W . �ô	��³�����´�¥	õ�Ã
�G	 �Ÿ , �5�©�¡ 𝐸 ^�B�ñ	7�" .
�C���ç�l�·”�˜� exp : 𝐸 → 𝑀, 𝑣 ↦→ Γ(𝑣, 1).
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3. �·”�˜�v exp(𝑡𝑣) ^�©�¹�L Γ(𝑡, 𝑣).
Proof. �°�¤�ô	��
�Ÿ , �9Ø

exp(𝑡𝑣) = Γ(𝑡𝑣, 1) = Γ(𝑣, 𝑡).

�

�# 𝑡 �¥�|�´�S�¶^ (𝑎𝑣, 𝑏𝑣). �ç�l 𝐸𝑝 := {𝑣 ∈ 𝑇𝑀𝑝 : 1 ∈ (𝑎𝑣, 𝑏𝑣), �ÿ�i�ž��^�B�ñ
�’�˜
#�× 3, �5	V�[�ç�l�� 𝑝 �Ä�¥�·”�˜�v

exp𝑝 : 𝐸𝑝 → 𝑀, exp𝑝 (𝑣) = exp(𝑣),

���Ï 𝑣 ∈ 𝑇𝑀𝑝 . �5 exp𝑝 (𝑡𝑣) �VU�V 𝑝 �Ä�O���´�H�q�¹ ¤𝛾 (0) = 𝑣 �¥�©�¹�L .

�C���ù�î�·”�˜�v . �ÿ�i�ž exp𝑝 : 𝐸𝑝 ⊆ 𝑇𝑀𝑝 → 𝑀, ���ý
,�_
� ®𝑂𝑝 ∈ 𝐸𝑝 . �5�·”�˜�v
�¥�ç�l�×^
,�_
��¥�B�ñ
#�× . ���ý

Theorem 1 𝑑 (exp𝑝 ) ®𝑂 = 𝑖𝑑𝑇𝑀? . �'�·”�˜�v�� ®𝑂 ^�B�ñ�š�©�˜� .

�¹
�	A�b�NY , �B�ñ�K�‚�c���¥�÷�E^�Â�/ :
�ÿ�i�ž exp𝑝 ( ®𝑂𝑝 ) = 𝑝, �®�¿ 𝑇𝑀𝑝 �¥�M	b�W�Ð 𝑇𝑀𝑝 �1�–�]�� , �#	I�³�B�H 𝑇𝑀𝑝

�Ï�¥�w�L 𝜉 (𝑡) P�¤ ¤𝜉 (𝑡) = 𝑣 ∈ 𝑇𝑀𝑝 , �| 𝜉 (𝑡) := 𝑡𝑣 
¡�@�H�q , �5�9Ø�¤�ž

𝑑 (exp𝑝 ) ®𝑂 (𝑣) =
𝑑

𝑑𝑡
|𝑡=0 (exp𝑝 )(𝑡𝑣) = 𝑣,

�ƒª
ü�·”�˜���	��†^�±�s�]�  , ���|�M	b�W�Ï�¥�°�L�˜�ž
@�™�Ï�¥�©�¹�L .

Definition 2 (�©�¹�o ) �Ï exp𝑝 : 𝐵𝑅 ⊆ 𝑇𝑀𝑝 → exp𝑝 (𝐵𝑅) ^�B�ñ�±�s�]�  , �5�ë
𝐵𝑅 (𝑃) := exp𝑝 (𝐵𝑅) ^�B�ñ�©�¹�o .

�]�"	V�[�ç�l
@�™��¥�©�¹�o
ë , �å�_�©�¹�L�ç�l�¹	õ�¤ 𝑇𝑀𝑝 �ð�Ä�„�©�¹�o
ë
����B�Ä�¥�L��¥�·”�˜�v�^ .

�å�_�©�¹�L exp𝑝 (𝑡𝑣) �„�o
ë�¥�Œ�Ä�¥�M�_
�^

𝑑

𝑑𝑡
|𝑡=1 exp𝑝 (𝑡𝑣) = 𝑑 (exp𝑝 )𝑣 (𝑣),

�O�©�¹�o
ë�¥�M�_
�^�o
ë�¥�M�_
��¥�·”�˜�v�^ , �‚�^�:�T 𝑑 (exp𝑝 )𝑣 (𝑤), ���Ï 𝑤

^�o
ë�ð�'�¥�M�_
� .

Theorem 2 (Gau𝛽 �„	Ø ) �©�¹�o
ë�„�å�_�©�¹�L�ž�Œ , �'

〈𝑑 (exp𝑝 )𝑣 (𝑣), 𝑑 (exp𝑝 )𝑣 (𝑤)〉 = 0.

���Ï 𝑣 ∈ 𝐷𝑜𝑚 (exp𝑝 ),𝑤 ∈ 𝑇𝑀𝑝 , �O 〈𝑣,𝑤〉 = 0.

3𝑣 ∈ 𝐸? =⇒ 𝑠𝑣 ∈ 𝐸? ,for 𝑠 ∈ (0, 1) �î	ë . �ÿ�i�ž�Ï 1 ∈ (𝑎E, 𝑏E), �5 1 ∈ (𝑎BE, 𝑏BE) = 1
B (𝑎E, 𝑏E),
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Proof. ���o
ë��| 𝛽 : (−𝜀, 𝜀) → 𝑆 |𝑣 |, ��
¡�@���´�H�q 𝛽 (0) = 𝑣, ¤𝛽 (0) = 𝑤 , �ô	� ode
�³�·�B�i���G	 �¿���´�¥�Ÿ�É , �©��^
��ç�l�¥ .

�|�@���l�¥ 𝜀, 
7 𝛽 ∈ 𝐷𝑜𝑚 (exp𝑝 ), �5 𝛽 �¥�·”�˜��^�Ï�¥
Ä�B�Ä	V�[	õ 𝑝 �Ä�¤
�ž�B�B�å�_�©�¹�L , �:

𝑓 (𝑠, 𝑡) = exp𝑝 (𝑡𝛽 (𝑠)) .
���Ï 𝑡 ∈ [0, 1] 	õ�Ã�M�Ä . �ÿ�i�ž

𝑓 (0, 𝑡) = exp𝑝 (𝑡𝑣),
𝜕𝑓

𝜕𝑡
(0, 1) = 𝑑 (exp𝑝 )𝑣 (𝑣),

𝑓 (𝑠, 1) = exp𝑝 (𝛽 (𝑠)),
𝜕𝑓

𝜕𝑠
(0, 1) = 𝑑 (exp𝑝 )𝑣 (𝑤).

L�=� , �1�£
ü�¥���5^

〈 𝜕𝑓
𝜕𝑠
,
𝜕𝑓

𝜕𝑡
〉(0, 1) = 0.

�|�ƒ�B�£
ü�s�î
��ñ�†�s :

1. �£
ü
𝜕

𝜕𝑡
〈 𝜕𝑓
𝜕𝑡
,
𝜕𝑓

𝜕𝑠
〉 = 0,

�'�£
ü�ƒ�ñ�=���„ 𝑡 �í�1 ,

2. �–�ª�£
ü

〈 𝜕𝑓
𝜕𝑡
,
𝜕𝑓

𝜕𝑠
〉(0, 0) = 0.

�5�£
ü�» 2 �H, �°�¤�p�•

𝜕𝑓

𝜕𝑠
= 𝑡 (𝑑 exp𝑝 )𝑡𝛽 (𝑠) (𝛽 (𝑠)),

�5�A�–�µ�’ 𝑡 = 0 H 𝐿𝐻𝑆 = 0, �#�ð���5�¤�£ .
���£
ü�» 1 �H, �ÿ�i�ž�%�ç
Ä�ñ 𝑠,𝑓 �û^�©�¹�L , �5�µ

𝜕2 𝑓

𝜕𝑡2
= 0,

�5�µ

𝜕

𝜕𝑡
〈 𝜕𝑓
𝜕𝑡
,
𝜕𝑓

𝜕𝑠
〉 = 〈 𝜕𝑓

𝜕𝑡
,
𝜕2 𝑓

𝜕𝑠𝜕𝑡
〉

=
1
2
𝜕

𝜕𝑠
〈 𝜕𝑓
𝜕𝑡
,
𝜕𝑓

𝜕𝑡
〉

=
1
2
𝜕

𝜕𝑠
| 𝜕𝑓
𝜕𝑡

|2,

�ÿ�i�ž�©�¹�L�¥Î
q^�È” , �#	I
n���ð�Ä�)�¥Î
q^ |𝛽 (0) | = 𝑐𝑜𝑛𝑠𝑡 ., �¤�ž 𝐿𝐻𝑆 = 0.

üî�à�£ . �
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Remark 3.2 L�=����/�¥ �•”�©�¹�L�B 𝑓 (𝑠, 𝑡) �$�ë�¹�©�¹�M�s ,Jacobi �Æ�™
�
�¥�ü^�ƒ�"�B�B�©�¹�L�º�M	L�Í���Û	7�¥�ñ�� .

�Y�V�S�B�ñ�å�_�g�• , 	V�[�e�†�¹�¤�ž�w
‚

Corollary 3.1 ���¿ 𝑣 ∈ 𝐷𝑜𝑚 (exp𝑝 ),𝑤 ∈ 𝑇𝑀𝑝 , �µ

〈𝑑 (exp𝑝 )𝑣 (𝑣), 𝑑 (exp𝑝 )𝑣 (𝑤)〉 = 〈𝑣,𝑤〉.

�'�·”�˜�v���"�å�_�©�¹�L���=�� .

�¹
��|�o
��Ä��W , �°�L�K���p�¥���5�w�<�ž
@�™� , �¤�ž�¥���’�¥���5^�o�©�¹�o
�¥�ö�å (�å�_�©�¹�L ) �K���p .

Theorem 3 
7 𝐵(𝑝) ⊆ 𝑀 ^�B�ñ�©�¹�o ,𝑣 ∈ 𝐵𝑅 ⊆ 𝑇𝑀𝑝 �O 𝑣 ≠ 0,𝛾 (𝑡) = exp𝑝 (𝑡𝑣), ��
�Ï 𝑡 �� [0, 1] �Ï�|�´ .


7 𝛼 : [0, 1] → 𝑀 ^�B�ô�s��;�Á�¥�w�L , �O
¡�@ 𝛼 (0) = 𝑝, 𝛼 (1) = exp𝑝 (𝑣), �5 :

1. 𝐿(𝛼) ≥ 𝐿(𝛾),

2. �Ï 𝐿(𝛼) = 𝐿(𝛾) �O 𝛼 ^�¶�É�•”�¥ , �5 𝛼 = 𝛾 .

Proof. �¹
��£
ü�¾�ç	Ø , �L! :

1. 𝛼 (𝑡) ∈ 𝐵𝑅 (𝑝),

2. 𝛼 (𝑡) ≠ 𝑝, ���¿ 0 < 𝑡 ≤ 1 �î	ë .

	V�[ª
ü , �’�£
ü
��Ð�ç	Ø�ª�€�Õ�ƒ
��ñ�L! , �<�ç	Ø�¯�–�î	ë .
�C�����M�_
��É�›�s�³ , 
7 𝛽 (𝑡) = (exp𝑝 )−1 (𝛼 (𝑡)), ���M�_
��å�_�s
��¹

𝜈 (𝑡) = 〈 ¤𝛽 (𝑡), 𝛽 (𝑡)〉𝛽 (𝑡),

���Ï 𝛽 (𝑡) = 𝛽 (𝑡)/‖𝛽 (𝑡)‖, �M�_�s
��¹ 𝜏 (𝑡) = ¤𝛽 (𝑡) − 𝜈 (𝑡).
�ÿ�i�ž 𝛼 (𝑡) = exp𝑝 (𝛽 (𝑡)), �5

𝐿(𝛼) =
¹ 1

0
| ¤𝛼 (𝑡) |𝑑𝑡

=
¹ 1

0
|𝑑 (exp𝑝 ) |𝛽 (𝑡 ) ( ¤𝛽 (𝑡)) |𝑑𝑡

=
¹ 1

0
|𝑑 (exp𝑝 ) |𝛽 (𝑡 ) (𝜈 (𝑡)) + 𝑑 (exp𝑝 ) |𝛽 (𝑡 ) (𝜏 (𝑡)) |𝑑𝑡,

�ô	� Gau𝛽 �„	Ø , �© 𝜈 �„ 𝜏 �¥�·”�˜�v�^�ž�Œ , �5�µ

𝐿𝐻𝑆 ≥
¹ 1

0
|𝑑 (exp𝑝 ) |𝛽 (𝑡 ) (𝜈 (𝑡)) |𝑑𝑡

=
¹ 1

0
|𝜈 (𝑡) |𝑑𝑡,
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�ÿ�i�ž

|𝜈 (𝑡) |𝑑𝑡 = | 〈
¤𝛽, 𝛽〉
|𝛽 | | = |

1
2
𝑑
𝑑𝑡 |𝛽 |2

|𝛽 | | = | 𝑑
𝑑𝑡

|𝛽 | |,

�5�µ�e�†�¥���9

𝐿𝐻𝑆 =
¹ 1

0
| 𝑑
𝑑𝑡

|𝛽 | |𝑑𝑡 ≥
¹ 1

0

𝑑

𝑑𝑡
|𝛽 |𝑑𝑡 = |𝑣 | = 𝐿(𝛾).

�#�ç	Ø�¥�»�B�†�s�¤�ž�£
ü .
�C���£
ü�ç	Ø�¥�»�=�†�s , �¹
�
¡�@ 𝐿(𝛼) = 𝐿(𝛾) �¥�H�q , ��-�9Ø�Ïî�µ���C

�¥ ≥ �û�‹�¾^ =. �ÿ�i�ž�£
ü�€�£���5�©�N�¿�£
ü 𝛽 (𝑡) = 𝑡𝑣 .
�¹
��ž�»�B�ñ ≥ �|�¥�©�|�î	ë , �¤�ž

𝑑 (exp𝑝 ) |𝛽 (𝑡 ) (𝜏 (𝑡)) = 0,

�' ¤𝛽 (𝑡) = 𝜈 (𝑡),𝛽 
À�µ�M�_�s
� . �¤�ž

¹ 1

0
|𝜈 (𝑡) |𝑑𝑡 =

¹ 1

0
| ¤𝛽 (𝑡) |𝑑𝑡,

�' 𝐿(𝛽) = |𝑣 |, 	I
n�ž���M	b�W�Ï , ���ML�i�Å�" 𝛽 ([0, 1]) �¥�^^ 𝑣 .
���ý | ¤𝛼 (𝑡) | = | ¤𝛽 (𝑡) |, �ƒ^�y�¹

| ¤𝛼 (𝑡) | = |𝑑 (exp𝑝 ) |𝛽 (𝑡 ) ( ¤𝛽 (𝑡)) |,

�7 ¤𝛽 �NH�„ 𝛽 �Ü�› , �#�¤�ž�¾���5�î	ë , �ƒ�¤�ž | ¤𝛽 (𝑡) | = 𝑐𝑜𝑛𝑠𝑡 ., 	ó�† 𝐿(𝛽) = |𝑣 | �ƒ�B
YL , �ÿ�i�ž�9H�W 𝑡 = 1, �¤�ž | ¤𝛽 | = |𝑣 |, �5���ý 𝛽 (𝑡) = 𝑡𝑣 �T�¹�B�ñ�xf	b�W�¥�²
‚
^�î	ë�¥ 4. �#�ð�ç	Ø�K�Ô�¤�ž�£
ü . �

Theorem 4 (�†�©�¹
#�× ) �|�ç 𝑝 ∈ 𝑀, �5�i���B�ñ 𝑊 ⊆ 𝑀 ^ 𝑝 �¥	7
#�× , �„�B�ñ
�È” 𝑟 , P�¤�[ 𝑊 �Ï�©�B�Ä�¹�o�•�û	V�[�S�©�¹�o 𝐵𝑟 (𝑝) ⊇𝑊 5.

Proof. �|�ç�B�ñ 𝒰 ∈ 𝑇𝑀 
¡�@�B�t�Y�¡�¥�H�q , �i�ç�l�˜�

𝐹 : 𝒰 → 𝑀 ×𝑀, (𝑥, 𝑣) ↦→ (𝑥, exp𝑥 𝑣),

4�¹
��£
ü�ƒ�B�²
‚ , �‚�^
7 𝛽 (𝑡 ) = 𝑓 (𝑡 )𝑣, �5 | ¤𝛽 (𝑡 ) | = | ¤𝑓 (𝑡 ) | |𝑣 | = |𝑣 |, �#�¤�ž | ¤𝑓 (𝑡 ) | = 1, 𝑓 = ±1. �µ
¹ 1

0

¤𝛽 (𝑡 )𝑑𝑡 = 𝛽 (1) − 𝛽 (0) = 𝑣,

¹ 1

0

¤𝑓 (𝑡 )𝑑𝑡 = 1.

�¤�ž ¤𝑓 ≡ 1, �' 𝑓 (𝑡 ) = 𝑡 , �ð���5�¤�£ .
5�W�%�£
ü x �n [dC92] �¥ Theorem 3.7.
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�ÿ�i�ž 𝐹 (𝑝, 0) = (𝑝, 𝑝), �O 𝑑 exp𝑝 |0= 𝑖𝑑, �¤�ž

𝑑𝐹 | (𝑝,0)=
�
𝐼 𝐼
0 𝐼

�
,

�#�©�i�� 𝑊 ∈ 𝑀 ×𝑀 �„ 𝒰 ∈ 𝑇𝑀 ��W�¥	��†�±�s�]�  , �–�ª�| 𝑇𝑀𝑝 �Ï�@���É�¥�å
�_�L� 𝑣 , 
7 {𝑞} × 𝐵(0, |𝑣 |) �Â�þ 𝑊 �'	V . �

Corollary 3.2 ^�y�¹
7 𝛾 : (𝑎,𝑏) → 𝑀 ^�B�H�©�¹�L , 
7 𝑡0 ∈ (𝑎,𝑏), �5 ∃𝜀 > 0, P�¤
𝛾 | [𝑡0−𝜀,𝑡0+𝜀 ] ^�K���¥ .

Proof. �|�B�ñ 𝛾 (𝑡0) �¥�†�©�¹
#�× 𝑊 , �Â�µ�A�1�5 shrink 𝜀 P�¤ 𝛾 | [𝑡0−𝜀,𝑡0+𝜀 ] , �: 𝑝 :=
𝛾 (𝑡0 − 𝜀), �5�i���B�ñ 𝑟 , P�¤ 𝑊 ⊆ 𝐵𝑟 (𝑝), �O
¡�@ 𝛾 (𝑡) ∈ 𝐵𝑟 (𝑝), ���Ï 𝑡 ∈ [𝑡0 − 𝜀, 𝑡0 + 𝜀].

�C��k�m�£
ü ,𝛾 �„�V 𝛾 (𝑡0 − 𝜀) �ž 𝛾 (𝑡0 + 𝜀) �¥�©�¹�L�×�† . �‚�^�L! | ¤𝛾 | = 1, ���•
”�Ä 𝛾 �¤�ž

𝛼 (𝑡) = 𝛾 (𝑡 + 𝑡0 − 𝜀), 0 ≤ 𝑡 ≤ 2𝜀,

�| ¤𝛼 (0) = 𝑣 , ��
¡�@ |𝑣 | = 1, ���[ 𝑣 �¹��Î���T�B�H�å�_�©�¹�L

𝛽 (𝑡) = exp𝑝 (𝑡𝑣), 0 ≤ 𝑡 < 𝑟,

�Â�µ�A�1 ,shrink 𝜀 ≤ 𝑟/4, �5�® ode �³�¥�i���·�B�Ÿ�¤�ž 𝛼 (𝑡) = 𝛽 (𝑡) ���¿
Ä�ñ
0 ≤ 𝑡 ≤ 2𝜀 �î	ë , �¤�ž 𝛾 �9^�B�H�å�_�©�¹�L . �

Corollary 3.3 𝛾 : [𝑎,𝑏] → 𝑀 �s��;�Á�O^�K���¥�w�L , �Â�T | ¤𝛾 | ≡ 𝑐𝑜𝑛𝑠𝑡 ., �5 𝛾 ^�B
�H�©�¹�L .

Proof. ���¿ 𝛾 (𝑡0), �|���¥�B�ñ�†�©�¹
#�× 𝑊 , �5�i�� 𝑟 > 0, P�¤���¿ 𝑊 �Ï
Ä�B�Ä 𝑝
�û�µ 𝑊 ⊆ 𝐵𝑟 (𝑝).

�| 0 ≤ 𝜀,𝛾 (𝑡) ∈𝑊, 𝑡 ∈ [𝑡0 − 𝜀, 𝑡0 + 𝜀], �: 𝑝 = 𝛾 (𝑡0), P�¤ 𝐵𝑟 (𝑝) ⊇𝑊 .
�ÿ�i�ž���¿ 𝑞 ∈𝑊 Ñ

𝛾 , 	õ�¤ 𝑝, 𝑞 �¥�å�_�©�¹�L�„ 𝛾 �×�† : �ƒ^�y�¹�Â�T 𝛾 �‚^
�å�_�©�¹�L , �5	V�[�|�B�H�•�w�L , ���� 𝑝, 𝑞 ��“�)�)�Ð 𝛾 �×�† , �Œ�� 𝑝, 𝑞 ��|	õ�¤
�ƒ�=�€�¥�å�_�©�¹�L . �5�ƒ�H�•�w�L�¥�9�É���l�¿ 𝛾 , �Ð�5!
±�� . �#�¤�ž��î�µ�;
�Á�†�s ,𝛾 �û^�å�_�©�¹�L .

�¹
��)	Ø�
�Ä�) , 	è�Â�S�B�ñ 𝛾 (𝑎) �¥�†�©�¹
#�× , �O�¤�ž
¡�@�1�p�¥ 𝑟 ∈ R, ��
�|�õ 𝛾 (𝑎) �@���¤�Í�¥ 𝑠 ∈ 𝛾 , �]�"�|�V 𝑠 �ž 𝛾 (𝑎) �¥�å�_�©�¹�L�i�©���Ð 𝛾 �×�† , �i
�S�Q�_�ü�É , ���� 𝛾 (𝑎) ��p�=�¨�• .

�9�²�•�£
ü�¤�ž ,¥𝛾 (𝑡) = 0 ���¿ ∀𝑡 ∈ [𝑎, 𝑏] �î	ë . �
�C�� , �1�¿�o�©�¹�L^�K���w�L�p�¥�B�"
��²
‚�X�Ü�¤�ž
��›�†�¥�£
ü .

3.3 �„��
��¥�M�¸�Ÿ

�ÿ�i�ž
@�™�'&^�B�ñ��
�	b�W (�í�k������
��ç�l�¹ 𝑑 (𝑎, 𝑏) = inf{𝛾 : 𝛾 (0) =
𝑎,𝛾 (1) = 𝑏}), ���Ï 𝛾 ^�s��;�Á�˜� . �5	I
n�T�¹��
�	b�W�¥��
��o

ℬ𝑟 (𝑝) := {𝑞 ∈ 𝑀 : 𝑑 (𝑝, 𝑞) < 𝑟 },
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�í�k��
@�™��1�–��
�^ 𝑑 (𝑥,𝑦) = inf𝛾 {𝐿(𝛾)}, �C���³�1	I�³�©�¹�o 𝐵𝑟 (𝑝) �„��
��o
^�Ž�©�N . YL��ƒ�B���5^�î	ë�¥ .

Theorem 1 
@�™��¥��
��o�„�©�¹�o�©�N , �'

ℬ𝑟 (𝑝) ≡ 𝐵𝑟 (𝑝).

Proof. �¹
��£
ü�ƒ
��ñ�"�†�M�© , �º�³�1�£
ü�=�€�º�M���c .
�£
ü 𝐵𝑟 (𝑝) ⊆ ℬ𝑟 (𝑝):
�| 𝑣 ∈ 𝐵𝑟 (𝑝), �5��
¡�@ 𝑣 < 𝑟 , �O
7 exp𝑝 (𝑣) = 𝑥 , �5 exp𝑝 (𝑡𝑣) ^�B�H�å�_�©�¹�L ,

���Ï 𝑡 ∈ [0, 1],|𝑣 | < 𝑟 , �5 𝑑 (𝑥, 𝑝) ≤ |𝑣 | < 𝑟 . �#���c�|�¤�£ .
�£
ü ℬ𝑟 (𝑝) ⊆ 𝐵𝑟 (𝑝):
�Â 𝛼 ∈ ℬ𝑟 (𝑝) �Œ𝛼 ∉ 𝐵𝑟 (𝑝), �5 𝛼 �A�–�,���©�¹�>�o�¥�o
ë 𝜕𝐵𝑟−𝜀 (𝑝), �# 𝐿(𝛼) >

𝑟 − 𝜀, 
7 𝜀 → 0, �5 𝐿(𝛼) ≥ 𝑟 , �•��
±�� . �



�w
q
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4.1 �f
�

���¿ 𝐹 : 𝒱(𝑀) → 𝐶∞ (𝑀) �� 𝒱(𝑀), ���¿î�µ 𝑓 , 𝑔 ∈ 𝐶∞ (𝑀), 𝑋, 𝑌 ∈ 𝒱(𝑀) 
¡�@ :

𝐹 (𝑓 𝑋 + 𝑔𝑌 ) = 𝑓 𝐹 (𝑋 ) + 𝑔𝐹 (𝑌 ),

�5�ë 𝑓 ^�B�ñ ℱ-�L�Ÿ�¥Ø�0 . �ô	���-�¥�)
‚ ,𝐹 ^�ï�Ä�ç�l�¥ .

Definition 1 (�f
� ) ���¿ 𝑇 : 𝒱𝑘 (𝑀) → 𝐶∞ (𝑀), �Ï 𝑇 ���¿��
Ä�ñ�1�M
��û^ ℱ-�L
�Ÿ�¥ , �ë 𝑇 ^�B�ñ 𝑘 �¨�x�M�f
� ,

�C��	I
n�f
��¥�ï�Ä�ç�l , �| 𝑝 ∈ 𝑀, ���¿ 𝑣𝑖 ∈ 𝑇𝑀𝑝 , �|
Ä�ñ 𝑣𝑖 �ü�‰�î�_
��Æ
𝑋𝑖 , �5

𝑇 (𝑣1, · · · , 𝑣𝑘 ) := 𝑇 (𝑋1, · · · , 𝑋𝑘 )(𝑝).

�£
ü
{ , �ƒ�"L�=��ç�l
��B�ñ�M	b�W�Ï�¥ 𝑘-�L�ŸØ�0�' 𝑇 : (𝑇𝑀𝑝 )𝑘 → R.
�C��	I
n�f
��¥	��†�ç�l , 
7 Ω ⊆ 𝑀 ^	7�0
@�™ , ���¿ 𝑋𝑖 ∈ 𝒱(Ω), �ç�l

𝑇 (𝑋1, · · · , 𝑋𝑘 ) (𝑝) := 𝑇 (𝑋1 (𝑝), · · · ,𝑇𝑘 (𝑝)),

	V�[���£ 𝑇 �9^�B�ñ Ω ��¥ 𝑘 �¨�x�M�f
� .
�‚�^	I
n�B�ñ	��†�U�S�" { 𝜕

𝜕𝑥8 }, ���¾	��†�U�S�"� 𝑇 ^�B�ñ 𝑘 �¨�x�M�f
� . 
7
𝑇 �T�¨�¿���_
��Æ , �¤�ž�B�ñ�;�Á�f”

𝑇 ( 𝜕

𝜕𝑥𝑖1
, · · · , 𝜕

𝜕𝑥𝑖:
) =: 𝑇𝑖1, · · · ,𝑖: ,

�ë 𝑅𝐻𝑆 �¹�f
��¥�s
� , �ÿ�i�ž�� 𝑛 �»
@�™�Ï 𝑘 �¨�f
��µ 𝑛𝑘 �ñ�s
� . �ÿ�i�ž�B�ñ�f

��$���s
��›�†�’�ç , �¹
��£
ü�NY�º�³�1�|�_
��Æ�¨���_
��Æ�Z	7 , �µ

𝑇 (𝑋1, · · · , 𝑋𝑘 ) =
𝑘Ö

𝑗=1

𝑋 𝑖1
𝑗 𝑇𝑖1, · · · ,𝑖: .

�C��	Ÿ�³d�x�M�¥�c�l : �‚�^���|�B�F���_
��Æ 𝜕
𝜕𝑦8 , �µ

𝑇 ( 𝜕

𝜕𝑦 𝑗1
, · · · , 𝜕

𝜕𝑦 𝑗:
) =: 𝑇𝑗1, · · · , 𝑗: ,

25
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�Z�L���n�ë 𝜕
𝜕𝑥8 �¹�ø�U�S�" , 𝜕

𝜕𝑦9 �¹�•�U�S�" , �•�ø�U�S�"�¥�U�S�M�Ð�¹ 𝜕
𝜕𝑦9 = 𝑎𝑖𝑗

𝜕
𝜕𝑥8 .

�|�U�S���Ð�{�í�f
��s
� , �µ :

𝑇𝑗1, · · · , 𝑗: =
Ö

𝑙

𝑎𝑖;𝑗;𝑇𝑖1,𝑖2, · · · ,𝑖: .

�4�³ 𝑅𝐻𝑆, �ÿ�i�ž 𝑇 �¥
Ä�ñ�/�S�¥�M�Ð�?
p�„���_
��Æ�M�Ð�?
p�B�Á , �#�ë 𝑇 �¹ 𝑘
�¨�x�M�f
� .

Example 4.1 1. ���¿ 𝑉 ∈ 𝒱(𝑀), �ç�l 𝑇 : 𝒱 → 𝐶∞ (𝑀), 𝑋 ↦→ 〈𝑋,𝑉 〉, �5 𝑇 ^�B
�ñ 1 �¨�x�M�f
� . �C���9Ø���f
��s
� , 
7 𝑉 = 𝑉 𝑗 𝜕

𝜕𝑥 9 , �5

𝑇𝑖 = 𝑉
𝑗𝑔𝑖 𝑗 ,

�ÿ�i�ž 𝑇 �„ 𝑉 �� (𝑀,𝑔) �Ï�1�–�©�] , �‚�^�:

𝑉𝑖 = 𝑉
𝑗𝑔𝑖 𝑗 .

�ë�·�S���/�¥�s
��¹�x�M�s
� , �·�S����¥�s
��¹�I�M�s
� .

2. �ÿ�i�ž��
� 𝑔 = 𝑔(𝑋,𝑌 ) �1�–^�B�ñ 2 �¨�x�M�f
� .

3. �Â�T 𝑇 → 𝒱𝑘 (𝑀) → 𝒱(𝑀) ^�B�ñ ℱ-�L�Ÿ�¥Ø�0 , �5�ë 𝑇 ^�B�ñ (𝑘, 1) �˜
(𝑘 �¨�x�M ,1 �¨�Q�M ) �f
� . �C��	I
n���U�S�VU

𝑇 ( 𝜕

𝜕𝑥𝑖1
, · · · , 𝜕

𝜕𝑥𝑖:
) = 𝑇 𝑖: +1

𝑖1, · · · ,𝑖:
𝜕

𝜕𝑥𝑖: +1
,

�ÿ�i�ž��^�B�ñ 𝑘 + 1 �¨�f
� , �C��	I
n���U�S�M�Ð , �µ

𝑇 ( 𝜕

𝜕𝑦 𝑗1
, · · · , 𝜕

𝜕𝑦 𝑗:
) = 𝑇 𝑗: +1

𝑗1, · · · , 𝑗:
𝜕

𝜕𝑥 𝑗: +1
,

�„�U�S�M�Ð

𝜕

𝜕𝑦 𝑗
= 𝑎𝑖𝑗

𝜕

𝜕𝑥𝑖
,

𝜕

𝜕𝑥𝑖
= 𝑏 𝑗𝑖

𝜕

𝜕𝑦 𝑗
,

���Ï 𝑎 �„ 𝑏 �º�I , �{�í�¤�ž

𝑇 𝑗: +1
𝑗1, · · · , 𝑗: =

𝑘Ö

𝑙=1

𝑎𝑖;𝑗;𝑏
𝑗: +1
𝑖: +1
𝑇 𝑖: +1
𝑖1, · · · ,𝑖: .

�ÿ�i�ž
Ä�ñ�/�S�¥�M�Ð�„�U�S�M�Ð�M�] , ��S�¥�M�Ð�„�U�S�M�Ð�M�I , �#�x�M
�„�Q�M�¥�c�l�X�Ü�“�b�	
� .
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�ÿ�i�ž , ��	Ó
£
@�™� , �x�M�f
��„�Q�M�f
��$�=�� (��
��f
� ) �1�–�©�] 1. ���¿�B
�ñ (𝑘, 1) �˜�f
� , �ç�l�B�ñØ�0 𝑇 : 𝒱𝑘+1 (𝑀) → 𝐶∞ (𝑀), �µ

𝑇 (𝑋1, · · · , 𝑋𝑘+1) = 〈𝑇 (𝑋1, · · · , 𝑋𝑘 ), 𝑋𝑘+1〉.

��^�B�ñ 𝑘 + 1 �˜�x�M�f
� , �#�‚��	Ó
£
@�™��u�s�ƒ
��Õ�f
� . �C���)
‚�·�S6�† :
�ÿ�i�ž

𝑇𝑖1, · · · ,𝑖: +1 = 𝑇
𝑗
𝑖1, · · · ,𝑖: 𝑔 𝑗,𝑖: +1 ,

�„
𝑇 𝑖: +1
𝑖1, · · · ,𝑖: = 𝑇𝑖1, · · · ,𝑖: , 𝑗𝑔

𝑗,𝑖: +1 ,

�5�ô	� Riesz �V�C�ç	Ø , 	V�[�Y�V��
��f
��9Ø�©�]�ª�¥�x�M�„�Q�M�f
��¥�f
��s

� .

4.2 �w
q

Definition 1 (�w
q ) �ç�l�B�ñ (3, 1) �˜�f
� 𝑅, �µ

𝑅(𝑋,𝑌, 𝑍 ) = 𝐷𝑌𝐷𝑋𝑍 − 𝐷𝑋𝐷𝑌𝑍 − 𝐷 [𝑌,𝑋 ]𝑍,

���Ï 𝑋,𝑌, 𝑍 ∈ 𝒱(𝑀), �ë 𝑅 �¹�w
q�f
� .

Remark 4.1 �ÿ�i�ž�ƒ�B�w
q�¥�ç�l^�=���¥ , �ƒ�B±�X�K�*	V�[Ò�÷�À Gau𝛽, �–
�7�K�*�ó���w
q�¥�C�}�™T�¥�¦^ Riemann, ð���©���¥�u
‚�Í�ç�+�…�Ð���$�¥�L
!�v�Ï�ó��
��©
ë�w
q�¥�ç�l�i�i�Ð�5�*H�©.�À
À�µ
@�™�¥�ø�ì�ç�l (�ƒ�B�ç�l
�°�ž Weyl ��ð�©���¥�÷�T The Concept of a Riemann Surface �Ï�Œ�$�ó�� , ���N
��-�¦ (Poincare) 
Ì�¨�B�t R𝑛 �Ï�¥�‚�©T�VU
@�™ )!

�ÿ�i�ž ,𝑅 	��µ�Â�/�©�N�™T :

1. 𝑅(𝑋,𝑌, 𝑍 ) = 𝐷𝑌𝐷𝑋𝑍 − 𝐷𝑋𝐷𝑌𝑍 − 𝐷 [𝑌,𝑋 ]𝑍 ,

2. 𝑅(𝑋,𝑌, 𝑍,𝑊 ) = 〈𝑅(𝑋,𝑌, 𝑍 ),𝑊 〉,

3. 𝑅(𝑋,𝑌 ) = 𝐷𝑌𝐷𝑋 − 𝐷𝑋𝐷𝑌 − 𝐷 [𝑌,𝑋 ] .

Example 4.2 (�xf	b�W�Ï�¥�w
q ) ���¿�» 𝑘 �ñ�s
� , �µ

(𝑅(𝑋,𝑌, 𝑍 ))𝑘 = (𝐷𝑌𝐷𝑋𝑍 )𝑘 − (𝐷𝑋𝐷𝑌𝑍 )𝑘 − (𝐷 [𝑌,𝑋 ]𝑍 )𝑘

= 𝐷𝑌𝐷𝑋𝑍
𝑘 − 𝐷𝑋𝐷𝑌𝑍

𝑘 − 𝐷 [𝑌,𝑋 ]𝑍
𝑘

= 𝑌𝑋𝑍𝑘 − 𝑋𝑌𝑍𝑘 − [𝑌,𝑋 ]𝑍𝑘

= [𝑌,𝑋 ]𝑍𝑘 − [𝑌,𝑋 ]𝑍𝑘

= 0.
1�'�·�S6�† .
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�ÿ�i�ž�w
q^�B�ñ¹�¨�¥�f
� , �5	V�[�9Ø���T�¨�¿	��†���_
��Æ { 𝜕
𝜕𝑥8 } �/�¥�s
� .

�9Ø

𝑅( 𝜕

𝜕𝑥𝑖
,
𝜕

𝜕𝑥 𝑗
,
𝜕

𝜕𝑥𝑘
) = 𝐷 m

mG9
𝐷 m

mG8

𝜕

𝜕𝑥𝑘
− 𝐷 m

mG8
𝐷 m

mG9

𝜕

𝜕𝑥𝑘
− 𝐷 [ m

mG9 ,
m

mG8
]
𝜕

𝜕𝑥𝑘
|             {z             }

=0

,

Remark 4.2 �Y
{�¹	A , �ô	��T�¥�»�B�ñ�©�| , 	V�[�ª�¹�w
q�ü^�_
��Æ�p�=�¨�•
H�¥	V�Œ�Ð�Ÿ .
���¿�»�B�[ 𝐷 m

mG9
𝐷 m

mG8

𝜕
𝜕𝑥 : , �µ

𝐷 m
mG9
𝐷 m

mG8

𝜕

𝜕𝑥𝑘
= 𝐷 m

mG9
(Γ𝑚𝑖𝑘

𝜕

𝜕𝑥𝑚
)

=
𝜕Γ𝑙

𝑖𝑘

𝜕𝑥 𝑗

𝜕

𝜕𝑥𝑙
+ Γ𝑚𝑖𝑘 Γ

𝑙
𝑗𝑚

𝜕

𝜕𝑥𝑙
,

�œ	Ø�·�S , �í�{�i���»�=�[�S�Â�/� �T , �µ�f
��s
�

𝑅𝑙𝑖 𝑗𝑘 =
𝜕Γ𝑙

𝑖𝑘

𝜕𝑥 𝑗
+ Γ𝑚𝑖𝑘 Γ

𝑙
𝑗𝑚 −

𝜕Γ𝑙
𝑗𝑘

𝜕𝑥𝑖
− Γ𝑚𝑗𝑘Γ

𝑙
𝑖𝑚 .

�ô	��ƒ	Ú�¥�)
‚ , 	V�[	A���w
q�f
��¥�¯����^E�s�Ú�¥ ! �’ 𝑛 = 2 H���ü�µ 24 = 16
�[ ,𝑛 = 3 H�µ�Ú�r 34 = 81 �[ , î�•���µ� �z�¥���ë�Ÿ , �L�Ÿ�ÿ	ë�¥�s
��ñ”�i
À�µ
î�X�¥�*
¹�� .
Proposition 4.1 (�w
q�f
��¥���ë�Ÿ )

1. 𝑅(𝑋,𝑌, 𝑍,𝑊 ) = −𝑅(𝑌,𝑋, 𝑍,𝑊 ),

2. 𝑅(𝑋,𝑌, 𝑍,𝑊 ) = −𝑅(𝑋,𝑌,𝑊 ,𝑍 ),

3. 𝑅(𝑋,𝑌, 𝑍,𝑊 ) + 𝑅(𝑍,𝑋,𝑌,𝑊 ) + 𝑅(𝑌, 𝑍, 𝑋,𝑊 ) = 0(Bianchi),

4. 𝑅(𝑋,𝑌, 𝑍,𝑊 ) = 𝑅(𝑍,𝑊 ,𝑋,𝑌 ).
���Ï , �»¹	{	V�[�®�-�Ø	{�w�� .
Proof.

1. �®�ç�l�°�¤�¤�ž�î	ë ,

2. �¾���5�©�N�¿�£
ü 𝑅(𝑋,𝑌, 𝑍, 𝑍 ) = 0, �9Ø

𝑅(𝑋,𝑌, 𝑍, 𝑍 ) = 〈𝐷𝑌𝐷𝑋𝑍, 𝑍 〉 − 〈𝐷𝑋𝐷𝑌𝑍,𝑍 〉 − 〈𝐷 [𝑌,𝑋 ]𝑍,𝑍 〉
= 𝑌 〈𝐷𝑋𝑍, 𝑍 〉 − 〈𝐷𝑋𝑍, 𝐷𝑌𝑍 〉 − 𝑋 〈𝐷𝑌𝑍, 𝑍 〉 + 〈𝐷𝑌𝑍, 𝐷𝑋𝑍 〉 − 〈𝐷 [𝑌,𝑋 ]𝑍, 𝑍 〉

=
1
2
𝑌𝑋 〈𝑍,𝑍 〉 − 1

2
𝑋𝑌 〈𝑍,𝑍 〉 − [𝑌,𝑋 ]〈𝑍,𝑍 〉

=
1
2
[𝑌,𝑋 ]〈𝑍, 𝑍 〉 − 1

2
[𝑌,𝑋 ]〈𝑍,𝑍 〉

= 0.
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3. �9Ø

𝑅(𝑋,𝑌, 𝑍 ) + 𝑅(𝑍,𝑋,𝑌 ) + 𝑅(𝑌, 𝑍, 𝑋 )
= 𝐷𝑌𝐷𝑋𝑍|    {z    }

1

−𝐷𝑋𝐷𝑌𝑍|    {z    }
2

−𝐷 [𝑌,𝑋 ]𝑍

+ 𝐷𝑋𝐷𝑍𝑌|    {z    }
2

−𝐷𝑍𝐷𝑋𝑌|    {z    }
3

−𝐷 [𝑋,𝑍 ]𝑌

+ 𝐷𝑍𝐷𝑌𝑋|    {z    }
3

−𝐷𝑌𝐷𝑍𝑋|    {z    }
1

−𝐷 [𝑍,𝑌 ]𝑋

= 𝐷𝑌 [𝑋,𝑍 ]
|      {z      }

𝑎

+𝐷𝑋 [𝑍,𝑌 ]
|      {z      }

𝑏

+𝐷𝑍 [𝑌,𝑋 ]
|      {z      }

𝑐

−𝐷 [𝑌,𝑋 ]𝑍
|    {z    }

𝑐

−𝐷 [𝑋,𝑍 ]𝑌
|    {z    }

𝑎

−𝐷 [𝑍,𝑌 ]𝑋
|    {z    }

𝑏

= [𝑌, [𝑋,𝑍 ]] + [𝑋, [𝑍,𝑌 ]] + [𝑍, [𝑌,𝑋 ]]
= 0.

���Ï�S�µ�M�]�/	“�|�·�S�¥�[�†�i .

4.

𝑅(𝑋,𝑌, 𝑍,𝑊 ) = −𝑅(𝑍,𝑋,𝑌,𝑊 ) − 𝑅(𝑌, 𝑍, 𝑋,𝑊 )
= 𝑅(𝑍,𝑋,𝑊 ,𝑌 ) + 𝑅(𝑌, 𝑍,𝑊 ,𝑋 )
= −𝑅(𝑊,𝑍,𝑋,𝑌 )

|            {z            }
1

−𝑅(𝑋,𝑊 ,𝑍,𝑌 ) − 𝑅(𝑊,𝑌, 𝑍,𝑋 ) − 𝑅(𝑍,𝑊 ,𝑌,𝑋 )
|            {z            }

1

= 2𝑅(𝑍,𝑊 ,𝑋,𝑌 ) + 𝑅(𝑋,𝑊 ,𝑌, 𝑍 ) + 𝑅(𝑊,𝑌,𝑋, 𝑍 )
|                                  {z                                  }

Bianchi

= 2𝑅(𝑍,𝑊 ,𝑋,𝑌 ) − 𝑅(𝑌,𝑋,𝑊 ,𝑍 ),

�œ	Ø�©T, �¤�ž

𝑅(𝑋,𝑌, 𝑍,𝑊 ) + 𝑅(𝑌,𝑋,𝑊 ,𝑍 ) = 2𝑅(𝑍,𝑊 ,𝑋,𝑌 ),
𝑅(𝑋,𝑌, 𝑍,𝑊 ) = 𝑅(𝑍,𝑊 ,𝑋,𝑌 ).

�#
üî�à�£ .

�
���¿�B�ñ�w
ë 𝑓 : (𝑎,𝑏) → (𝑐, 𝑑) → 𝑀, �í�k�������p�=�¨���†�•”	V�[�Œ�Ð¨

�½. ���¿�B�ñ�_
��Æ 𝑋 : (𝑎, 𝑏) × (𝑐, 𝑑) → 𝑇𝑀, �‚�^�L!��
¡�@ 𝑋 (𝑠, 𝑡) ∈ 𝑇𝑓 (𝑠,𝑡 )𝑀, �5
�ë 𝑋 ^�w
ë��¥�_
��Æ , �:�T 𝑋 ∈ 𝒱(𝑓 ).

���¿�¾�_
��Æ , �ÿ�i�ž
7 𝑋 (·, 𝑡) �� 𝑓 (·, 𝑡) �p�Ê�•” , �ü^ 𝜕𝑋/𝜕𝑠, �]	Ø���¿ 𝑋 (𝑠, ·)
�� 𝑓 (𝑠, ·) �p�Ê�•” , �¤�ž 𝜕𝑋/𝜕𝑡 . �����¤�ž�¥�_
��Æ�s�Y�� 𝑠, 𝑡 �p�Ê�• , �¤�ž¹�ñ�=
�¨�_
��Æ

𝜕2𝑋

𝜕𝑡2
,

𝜕2𝑋

𝜕𝑠𝜕𝑡
,

𝜕2𝑋

𝜕𝑡𝜕𝑠
,

𝜕2𝑋

𝜕2𝑠
.
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�í�k���’ 𝑓 ^�B�ñ�f”H , �=�¨���†�•”	V�[�Œ�Ð¨�½ , �Œ^�B�î�7�ý�_
��Æ�S�‚
�ž�ƒ�B�Ä .

Proposition 4.2 ���¿ 𝑋 ∈ 𝒱(𝑓 ), ���ý

𝜕2𝑋

𝜕𝑠𝜕𝑡
− 𝜕2𝑋

𝜕𝑡𝜕𝑠
= 𝐷 m5

mB

𝜕𝑓

𝜕𝑡
𝑋 − 𝐷 m5

mC

𝜕𝑓

𝜕𝑠
𝑋

= 𝑅( 𝜕𝑓
𝜕𝑡
,
𝜕𝑓

𝜕𝑠
)𝑋 .

Proof. �¹
��£
ü�ƒ�B���5 , �|	��†�U�S�"�s
� 𝑓 𝑖 := (𝜑 ◦ 𝑓 )𝑖 , �i�: 𝑋 = 𝑋 𝑖 𝜕
𝜕𝑥8 , �¤

𝜕𝑓

𝜕𝑠
=
𝜕𝑓 𝑖

𝜕𝑠

𝜕

𝜕𝑥𝑖
,

𝜕𝑓

𝜕𝑡
=
𝜕𝑓 𝑗

𝜕𝑡

𝜕

𝜕𝑥 𝑗
.

�í�k���_
��Æ�x�M�±�s�¥��T , �¤�ž

𝜕𝑋

𝜕𝑡
=
𝜕𝑥𝑖

𝜕𝑡

𝜕

𝜕𝑥𝑖
+ 𝑋 𝑖 𝜕𝑓

𝑗

𝜕𝑡
𝐷 m

mG9

𝜕

𝜕𝑥𝑖
,

�„�=�¨�•

𝜕2𝑋

𝜕𝑠𝜕𝑡
=
𝜕2𝑋 𝑖

𝜕𝑠𝜕𝑡

𝜕

𝜕𝑥𝑖
|     {z     }

1

+ 𝜕𝑋
𝑖

𝜕𝑡

𝜕𝑓 𝑗

𝜕𝑠
𝐷 m

mG9

𝜕

𝜕𝑥𝑖
|                 {z                 }

2

+ 𝜕𝑋 𝑖

𝜕𝑠

𝜕𝑓 𝑗

𝜕𝑡
𝐷 m

mG9

𝜕

𝜕𝑥𝑖
|                 {z                 }

2

+𝑋 𝑖 𝜕
2 𝑓 𝑗

𝜕𝑠𝜕𝑡
𝐷 m

mG9

𝜕

𝜕𝑥𝑖
|                {z                }

1

+𝑋 𝑖 𝜕𝑓
𝑗

𝜕𝑡

𝜕𝑓 𝑘

𝜕𝑠
𝐷 m

mG:
𝐷 m

mG9

𝜕

𝜕𝑥𝑖
.

�Œ�Ð𝑠, 𝑡 , �ÿ�i�ž�S�µ�/�S 1 �¥
��[�„���‹�]�[�·�h , �S�µ 2 �¥
��[�º�M�·�h , �5�µ

𝜕2𝑋

𝜕𝑠𝜕𝑡
− 𝜕2𝑋

𝜕𝑡𝜕𝑠
= 𝑋 𝑖 𝜕𝑓

𝑗

𝜕𝑡

𝜕𝑓 𝑘

𝜕𝑠
𝐷 m

mG:
𝐷 m

mG9

𝜕

𝜕𝑥𝑖
− 𝑋 𝑖 𝜕𝑓

𝑗

𝜕𝑠

𝜕𝑓 𝑘

𝜕𝑡
𝐷 m

mG:
𝐷 m

mG9

𝜕

𝜕𝑥𝑖
,

�Œ�Ð 𝑗, 𝑘 �¥�·�S
}�9 , �¤�ž

𝜕2𝑋

𝜕𝑠𝜕𝑡
− 𝜕2𝑋

𝜕𝑡𝜕𝑠
= 𝑋 𝑖 𝜕𝑓

𝑘

𝜕𝑠

𝜕𝑓 𝑗

𝜕𝑡
𝑅( 𝜕

𝜕𝑥 𝑗
,
𝜕

𝜕𝑥𝑘
,
𝜕

𝜕𝑥𝑖
),

�ÿ�i�ž�w
q�f
��¥ ℱ-�L�Ÿ�Ÿ , �µ

𝜕2𝑋

𝜕𝑠𝜕𝑡
− 𝜕2𝑋

𝜕𝑡𝜕𝑠
= 𝑅( 𝜕𝑓

𝜕𝑡
,
𝜕𝑓

𝜕𝑠
, 𝑋 ).

�#
üî�à�£ . �
�ƒ�B���5�|�w
q�f
��¥�'�Éª�¥�“�b�#
� , ���VU�_
��Æ���w
ë�p�=�¨�•”�¥	V�Œ
�Ð�Ÿ .
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4.3 �©
ë�w
q

Definition 1 (�©
ë�w
q ) 	I
n�w
q�f
� 𝑅(𝑋,𝑌, 𝑍,𝑊 ), ���Ï 𝑋,𝑌, 𝑍,𝑊 ∈ 𝑇𝑀𝑝 , �ÿ�i
�ž�����ë�Ÿ , �‚�^�ç�l�B�ñ�=�í�˜�

sec(𝑋,𝑌 ) := 𝑅(𝑋,𝑌,𝑋,𝑌 ),

���Ï 𝑋,𝑌 ∈ 𝑇𝑀𝑝 , �ë���¹�©
ë�w
q 2.

Proposition 4.3 �C���ó���©
ë�w
q�¥�+�H�Ÿ�É :

1. sec(𝑋,𝑌 ) = sec(𝑌,𝑋 )(���ë�Ÿ ),

2. sec(𝑋,𝑋 ) = 0(�Q���ë�Ÿ ),

3. sec(𝑠𝑋, 𝑡𝑌 ) = 𝑠2𝑡2 sec(𝑋,𝑌 )(�d�L�Ÿ�Ÿ ), ���Ï 𝑠, 𝑡 ∈ R,

4. 	V�[�Y�V sec �Q�w�� 𝑅(�'�ƒ�=�€�©�N ). �µ

𝑅(𝑋,𝑌, 𝑍,𝑊 ) = 1
6
𝜕2

𝜕𝑠𝜕𝑡
| (0,0) (sec(𝑋 + 𝑠𝑍,𝑌 + 𝑡𝑊 ) − sec(𝑋 + 𝑠𝑊 ,𝑌 + 𝑡𝑍 )) .

Proof. �5�9Ø

sec(𝑋 + 𝑠𝑍,𝑌 + 𝑡𝑊 ) = 𝑅(𝑋 + 𝑠𝑍,𝑌 + 𝑡𝑊 ,𝑋 + 𝑠𝑍,𝑌 + 𝑡𝑊 )
= 𝑅(𝑋,𝑌,𝑋 + 𝑠𝑍,𝑌 + 𝑡𝑊 ) + 𝑡𝑅(𝑋,𝑊 ,𝑋 + 𝑠𝑍,𝑌 + 𝑡𝑊 )
+ 𝑠𝑅(𝑍,𝑌, 𝑋 + 𝑠𝑍,𝑌 + 𝑡𝑊 ) + 𝑠𝑡𝑅(𝑍,𝑊 ,𝑋 + 𝑠𝑍,𝑌 + 𝑡𝑊 ).

�� 𝑅𝐻𝑆 �p���†�•” , �'�[ 𝜕2

𝜕𝑠𝜕𝑡 | (0,0) �T�¨ , �¤�ž

𝜕2

𝜕𝑠𝜕𝑡
| (0,0) 𝑅𝐻𝑆 = 𝑅(𝑋,𝑌, 𝑍,𝑊 ) + 𝑅(𝑋,𝑊 ,𝑍,𝑌 ) + 𝑅(𝑍,𝑌, 𝑋,𝑊 ) + 𝑅(𝑍,𝑊 ,𝑋,𝑌 ),


}�Ð 𝑍,𝑊 , �¤�ž

𝜕2

𝜕𝑠𝜕𝑡
| (0,0) (sec(𝑋 + 𝑠𝑍,𝑌 + 𝑡𝑊 ) − sec(𝑋 + 𝑠𝑊 ,𝑌 + 𝑡𝑍 ))

=𝑅(𝑋,𝑌, 𝑍,𝑊 ) − 𝑅(𝑋,𝑌,𝑊 ,𝑍 ) =⇒ 2𝑅(𝑋,𝑌, 𝑍,𝑊 )
+𝑅(𝑋,𝑊 ,𝑍,𝑌 ) − 𝑅(𝑋,𝑍,𝑊 ,𝑌 ) =⇒ 𝑅(𝑋,𝑌, 𝑍,𝑊 )
+𝑅(𝑍,𝑌, 𝑋,𝑊 ) − 𝑅(𝑊,𝑌,𝑋, 𝑍 ) =⇒ 𝑅(𝑋,𝑌, 𝑍,𝑊 )
+𝑅(𝑍,𝑊 ,𝑋,𝑌 ) − 𝑅(𝑊,𝑍,𝑋,𝑌 ) =⇒ 2𝑅(𝑋,𝑌, 𝑍,𝑊 ).

�5
üî�à�£ .
2���B�t€� (�Â [W89]) ���$�ë�¹�M�¥�=�Q�˜ .
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Remark 4.3 �B�ñ�9Ø�/�F^�¹
�P�¨ Bianchi �š�©T , 	V�[�|�K�ª�B�[
}�Ð
�À�M�] .

�

�C���ó���B�ñ�©
ë�w
q�¥�÷�+�…�¥�ç�l : �‚�^	I
n 𝑋,𝑌 ∈ 𝑇𝑀𝑝 �O 𝑋 �„ 𝑌 �‚�Ü�› , �[
𝑋 ∧ 𝑌 �VU 𝑋,𝑌 �f�î�¥�Ü�›¹�H�™ , �: |𝑋 ∧ 𝑌 | ^��
ë�� , �µ

|𝑋 ∧ 𝑌 |2 = |𝑋 |2 |𝑌 |2 sin2 𝜃 = |𝑋 |2 |𝑌 |2 − 〈𝑋,𝑌 〉2.

�ë 𝜎 := 𝑠𝑝𝑎𝑛{𝑋,𝑌 } ^�M�W 𝑇𝑀 ��¥ 2-�Ü
ë . �:

Σ := {𝜎 : 𝜎 is a 2-plane in 𝑇𝑀}.

�ç�l 𝜎 �¥�©
ë�w
q�¹

sec(𝜎) := sec(𝑋,𝑌 )
|𝑋 ∧ 𝑌 |2 .

�¹
����£�ƒ^
��ç�l�¥ , �'���£ sec(𝜎) �Ð 𝑋,𝑌 ∈ 𝑇𝑀𝑝 �¥�Ê�|�í�1 , �‚�^�Ê�| 2-�Ü
ë
�Ï�¥�B�ñ�S���ž�Œ�� {𝑒1, 𝑒2}, 
7 𝑋 = 𝑋 𝑖𝑒𝑖 , 𝑌 = 𝑌 𝑗𝑒 𝑗 , �µ

|𝑋 ∧ 𝑌 |2 = det(𝑋,𝑌 )2 = (𝑋 1𝑌 2 − 𝑋 2𝑌 1)2,

�¹
����£ sec(𝜎) ≡ sec(𝑒1, 𝑒2), �{�Æ 𝑋,𝑌 �¤�ž

sec(𝑋,𝑌 ) = 𝑅(𝑋,𝑌,𝑋,𝑌 )
= 𝑅(𝑋 1𝑒1 + 𝑋 2𝑒2, 𝑌

1𝑒1 + 𝑌 2𝑒2, 𝑋, 𝑌 )
= (𝑋 1𝑌 2 − 𝑋 2𝑌 1)𝑅(𝑒1, 𝑒2, 𝑋, 𝑌 )
= (𝑋 1𝑌 2 − 𝑋 2𝑌 1)2𝑅(𝑒1, 𝑒2, 𝑒1, 𝑒2)
= |𝑋 ∧ 𝑌 |2 sec(𝑒1, 𝑒2) .

�#�ð���5�¤�ž�£
ü .

Definition 2 (	b�W�™T) �Â�T�B�ñ
@�™����
Ä�B�Ä�¥
Ä�ñ 2-�Ü
ë 𝜎 ��¥�©
ë�w
q
�û^�È” , �'���¿ ∀𝜎 ∈ Σ �„ ∀𝑝 ∈ 𝑀, �µ sec(𝜎) ≡ 𝐾. �ë�È�©
ë�w
q�¥
@�™�¹	b�W�™
T .

�ÿ�i�ž���¿��
� 𝑔 �Â�T�µ�©
ë�w
q 𝐾 , �5���¿��
� 𝐴𝑔 �µ�©
ë�w
q 𝐾/𝐴. �5	V�[
�|	b�W�™T�s	Ë�¹�©
ë�w
q�¹ 1, 0,−1 �¥	b�W . �C���ó���Ø�ñ	è�0 :

Example 4.3

1. R𝑛 �¥�©
ë�w
q�¹ 0,

2. 𝑆𝑛 �¥�©
ë�w
q�¹ 1,

3. 𝐻𝑛 = {𝑥 ∈ R𝑛 : 𝑥𝑛 > 0}, ����
��"”
¡�@ 𝑔𝑖 𝑗 = 𝛿𝑖𝑗/𝑥2𝑛, ���©
ë�w
q�¹ −1.
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���ý�ƒ�Ø�ñ
@�™�û^�›�!�O�†	õ�Y�¥ . 	V�[�£
ü , �›�! , �†	õ�Y�O�È�©
ë�w
q�¥
@�™
�º�µ�ƒ�Ø�Õ .

�C���4�³�È�w
q
@�™�¥�w
q�f
� .

Proposition 4.4 𝑀 ^�B�ñ�w
q�¹ 𝑘 �¥	b�W�™T, �’�O�Ç�’���w
q�f
� 𝑅 
¡�@

𝑅(𝑋,𝑌, 𝑍,𝑊 ) = 𝑘 (〈𝑋,𝑍 〉〈𝑌,𝑊 〉 − 〈𝑋,𝑊 〉〈𝑌, 𝑍 〉) .

Proof. " ⇐= ": ���¿ 𝜎 �¥�S���ž�Œ�� {𝑒1, 𝑒2}, �µ

sec(𝜎) = sec(𝑒1, 𝑒2) = 𝑅(𝑒1, 𝑒2, 𝑒1, 𝑒2),
𝑅(𝑒1, 𝑒2, 𝑒1, 𝑒2) = 𝑘 (〈𝑒1, 𝑒1〉〈𝑒2, 𝑒2〉 − 〈𝑒1, 𝑒2〉〈𝑒1, 𝑒2〉) = 𝑘.

" =⇒ ": n�5�ÿ�i�ž sec(𝑋,𝑌 ) = 𝑘 |𝑋 ∧ 𝑌 |2, �µ 3

𝑅(𝑋,𝑌, 𝑍,𝑊 ) = 1
6
𝜕2

𝜕𝑠𝜕𝑡
| (0,0) (𝑘 ( | (𝑋 + 𝑠𝑍 ) ∧ (𝑌 + 𝑡𝑊 ) |2 − |(𝑋 + 𝑠𝑊 ) ∧ (𝑌 + 𝑡𝑍 ) |2))

= 𝑘
1
6
𝜕2

𝜕𝑠𝜕𝑡
| (0,0) (

+ |𝑋 + 𝑠𝑍 |2 |𝑌 + 𝑡𝑊 |2 =⇒ 4〈𝑋,𝑍 〉〈𝑌,𝑊 〉 − 4〈𝑋,𝑊 〉〈𝑌, 𝑍 〉
− 〈𝑋 + 𝑠𝑍,𝑌 + 𝑡𝑊 〉2 =⇒ −2(〈𝑍,𝑌 〉〈𝑋,𝑊 〉 + 〈𝑋,𝑌 〉〈𝑍,𝑊 〉)
− |𝑋 + 𝑠𝑊 |2 |𝑌 + 𝑡𝑍 |2

+ 〈𝑋 + 𝑠𝑊 ,𝑌 + 𝑡𝑍 〉2)

=
1
6
𝑘 (8〈𝑋,𝑍 〉〈𝑌,𝑊 〉 − 8〈𝑋,𝑊 〉〈𝑌, 𝑍 〉 − 2〈𝑍,𝑌 〉〈𝑋,𝑊 〉 + 〈𝑌,𝑊 〉〈𝑋,𝑍 〉)

= 𝑘 (〈𝑋,𝑍 〉〈𝑌,𝑊 〉 − 〈𝑋,𝑊 〉〈𝑌, 𝑍 〉.

�

4.4 �f
� (�Ã)
�¹ 
� �ç �l �ƒ
� �Õ�w
q , �³ �1�- �“ �¥�f 
� �©M . �� �¿ 𝑆,𝑇 ^ 
� �ñ (𝑘, 0)-�˜ �f 
� �„
𝑓 , 𝑔 ∈ 𝐶∞ (𝑀), �ÿ�i�ž���¿ 𝑋𝑖 ∈ 𝒱(𝑀), �µ

(𝑓 𝑆 + 𝑔𝑇 )(𝑋1, · · · , 𝑋𝑘 ) = 𝑓 𝑆 (𝑋1, · · · , 𝑋𝑘 ) + 𝑔𝑇 (𝑋1, · · · , 𝑋𝑘 ).


”�	V�[	A�� ,𝑓 𝑆 + 𝑔𝑇 �9^�B�ñ (𝑘, 0)-�˜�f
� . �'�]�¨�f
��¥ ℱ-�L�Ÿ�F�†�¯�–^�]
�¨�f
� .

�¹
��ç�l�f
��¥ê�i , 	I
n�B�ñ�=��	b�W 𝑉 , ���µ�B�ñ�� {𝑣𝑖 }𝑛𝑖=1, �µ 𝑔𝑖 𝑗 = 𝑣𝑖 · 𝑣 𝑗 .
�Â�T�| �S�S�� �ž�Œ���' {𝑒𝑖 }, �5�� �� 
� �" ” �¹ 𝛿𝑖𝑗 . �: 𝑔−1𝑖 𝑗 = 𝑔𝑖 𝑗 . �� �¿�L�ŸØ�0
𝐴 : 𝑉 → 𝑉 , �µ

𝐴𝑣𝑖 = 𝐴
𝑗
𝑖 𝑣 𝑗 ,

3�ƒ	Ú�ö�1�¥�Z�E^	ýT�E�5�„
Ä�p�B�Q�Ê�•�ü�|�¾�M
� = 0 �|��	Ÿ�e�Ä�9Ø .
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�5�Y�V���s
��VU , �ç�l�L�ŸØ�0 𝐴 �¥��

tr𝐴 = 𝐴𝑖
𝑖 .

�¹
����£��
��ç�l , �‚�^�| 𝑣𝑖 = 𝑎
𝑗
𝑖 𝑣 𝑗 , �µ 𝑣𝑖 = 𝑏

𝑗
𝑖 𝑣 𝑗 , �O 𝑎 𝑗𝑖 𝑏

𝑘
𝑗 = 𝛿

𝑘
𝑖 . �µ

𝐴𝑣𝑖 = �̃�
𝑗
𝑖 𝑣 𝑗

= 𝑎 𝑗𝑎𝐴𝑣 𝑗

= 𝑎 𝑗𝑖𝐴
𝑘
𝑗 𝑣𝑘

= 𝑎 𝑗𝑖𝐴
𝑘
𝑗𝑏

𝑚
𝑘 𝑣𝑚,

�®�"”�¥�·�B�Ÿ , �¤�ž
�̃� 𝑗
𝑖 = 𝑎

𝑗
𝑖𝐴

𝑘
𝑗𝑏

𝑖
𝑘 .

�5�µ

�̃�𝑖
𝑖 =

Õ

𝑗

Õ

𝑘

𝛿 𝑗
𝑘
𝐴𝑘

𝑗 =
Õ

𝑗

𝐴 𝑗
𝑗 .

�#��^
��ç�l�¥ .
�C�� 	I 
n  �L�ŸØ�0 𝐵 : 𝑉 × 𝑉 → R ^�B�ñ �L�ŸØ�0 , �µ 𝑣𝑖 �� �/ �s
�

𝐵𝑖 𝑗 = 𝐵(𝑣𝑛, 𝑣 𝑗 ). �ÿ�i�ž�® Riesz �V�C�ç	Ø , �·�B�i���L�ŸØ�0 𝐴 
¡�@ 𝐵(𝑢, 𝑣) = 〈𝐴𝑢, 𝑣〉,
�5�ç�l

tr𝐵 := tr𝐴.

�9Ø���s
��¹
𝐵𝑖 𝑗 = 〈𝐴𝑣𝑖 , 𝑣 𝑗 〉 = 〈𝐴𝑘

𝑖 𝑣𝑘 , 𝑣 𝑗 〉 = 𝐴𝑘
𝑖 𝑔𝑘 𝑗 .

�Q� , �µ
𝐴 𝑗
𝑖 = 𝐵𝑖𝑘𝑔

𝑗𝑘 .

�#�¤�ž
tr𝐵 = 𝐵𝑖 𝑗𝑔

𝑖 𝑗 .

�Â�T 𝑣𝑖 ^�†�Ê�ž�Œ�� , �µ

tr𝐵 =
Õ

𝑖

𝐵𝑖𝑖 =
Õ

𝑖

𝐵(𝑒𝑖 , 𝑒𝑖 ).

�C���ç�l�f
��¥�� , 
7 𝑆 : 𝒱(𝑀) × 𝒱(𝑀) → 𝐶∞ (𝑀) ^�B�ñ (2, 0) �˜�f
� , ���¿
𝑝 ∈ 𝑀,𝑆 (𝑝) ^�B�ñ 𝑇𝑀𝑝 ��¥ �L�ŸØ�0 . �5	V�[�9Ø 𝑆 (𝑝) �¥�� . �5�ï�Ä�ç�l , �f
�
𝑆 �¥��^ 𝑀 ��¥�B�ñ�f” , ���¿ ∀𝑝 ∈ 𝑀, �ç�l tr 𝑆 ∈ 𝐶∞ (𝑀) �¹

(tr 𝑆)(𝑝) := tr (𝑆𝑝 ).

�¸�^���£��^�;�Á�¥ . 	I
n���B�ñ	��†�U�S�"�= , �µ

tr 𝑆 = 𝑆𝑖 𝑗𝑔
𝑖 𝑗 =: 𝑆𝑖𝑖 .

	æ�¨���?�"”�S�¥�ƒ�B� �T�$�ë��¹�·�S�¥ê�i .
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Proposition 4.5

tr ^ ℱ-�L�Ÿ�¥ , �'���¿ 𝑓 , 𝑔 ∈ 𝐶∞ (𝑀), �µ

tr (𝑓 𝑆 + 𝑔𝑇 ) = 𝑓 tr (𝑆) + 𝑔tr (𝑇 ),

Example 4.4 �C�|�·�Sê�i�	è
{	�”�
�Â�/ :

	I
n��
��f
� 𝑔, �����¹ 𝑔𝑖 𝑗𝑔
𝑖 𝑗 = 𝛿𝑖𝑖 = 𝑛. ���Ï 𝑛 ^
@�™�¥�»” .

1.2. ���¿�Ø�¨�x�M�f
� 𝑇 , �%�ç���»�B�ñ�1�M
� 𝑋 , �5�¤�ž�B�ñ�=�¨�f
� 𝑇 (𝑋, ·, ·),
�5�µ�B�¨�f
� 𝑇(2,3) : 𝒱(𝑀) → R, ���¿ 𝑋 ∈ 𝒱(𝑀) �ç�l�¹

𝑇(2,3)𝑋 = tr (𝑇 (𝑋, ·, ·)) .

�C�����£ 𝑇(2,3) ^ ℱ-�L�Ÿ�¥ . ���¿

𝑇(2,3) (𝑓 𝑋 + 𝑔𝑌 ) = tr (𝑇 (𝑓 𝑋 + 𝑔𝑌, ·, ·))
= tr (𝑓𝑇 (𝑋, ·, ·) + 𝑔𝑇 (𝑌, ·, ·))
= 𝑓 tr (𝑇 (𝑋, ·, ·)) + 𝑔tr (𝑇 (𝑋, ·, ·))
= 𝑓 𝑇(2,3) (𝑋 ) + 𝑔𝑇(2,3) (𝑌 ).


üî�à�£ . �C���•�� 𝑇(2,3) �¥�s
��™T . ���¿ 𝑇(2,3)𝑖 , �µ

𝑇(2,3)𝑖 = tr (𝑇 ( 𝜕

𝜕𝑥𝑖
, ·, ·))

= 𝑇 ( 𝜕

𝜕𝑥𝑖
,
𝜕

𝜕𝑥 𝑗
,
𝜕

𝜕𝑥𝑘
)𝑔 𝑗𝑘

= 𝑇𝑖 𝑗𝑘𝑔
𝑗𝑘 .

�]	Ø , 	V�[����ð�©�i
��ñ�·�Sê�i , �'

𝑇(1,3)𝑖 = 𝑇𝑗𝑖𝑘𝑔
𝑗𝑘 ,

𝑇(1,2)𝑖 = 𝑇𝑗𝑘𝑖𝑔
𝑗𝑘 .

3. ���¿�B�ñ¹�¨�x�M�f
� 𝑇 , ���É�›�B�Q�·�Sê�i��ª�¤�ž�B�ñ�=�¨�f
� , �Â

𝑇(1,2)𝑖 𝑗 = 𝑇𝑘𝑙𝑖 𝑗𝑔
𝑘𝑙 .

4.5 Ricci �w
q , �S
��w
q

���¿¹�¨�x�M�f
� 𝑅, ���1�–^E�s�¯���¥ . �y�N�|��ê�i�[�Z�L	Ø�³�Ð��Ø .
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�ÿ�i�ž�| 𝑅 �S�B�Qê�i , �µ 𝐶2
4 = 6 �Õ	V�? , �Œ�ô	��w
q�f
��¥���ë�Ÿ , ���i�d�†

^�L�Ÿ�ÿ	ë�¥ . 	I
n�� 𝑇𝑀𝑝 �¥�B�ñ�S���ž�Œ�� {𝑒𝑖 } �/ , �µ

𝑅 (1,2) (𝑒𝑖 , 𝑒 𝑗 ) = tr (𝑅(·, ·, 𝑒𝑖 , 𝑒 𝑗 ))

=
𝑛Õ

𝑘=1

𝑅(𝑒𝑘 , 𝑒𝑘 , 𝑒𝑖 , 𝑒 𝑗 )

= 0(by anti-symmetric).

�]�"�ô	��Q���ë�Ÿ , �¤�ž

𝑅 (3,4) = 0,

𝑅 (1,3) = 𝑅 (2,4) ,

𝑅 (1,3) + 𝑅 (1,4) = 0,

𝑅 (2,3) + 𝑅 (2,4) = 0,

�#L�=��º�µ 𝑅 (1,3) = 𝑅 (2,4) �B�ñ�ÿ	ë�¥�f
� , �ë���¹ Ricci �w
q , �:�T

Ric = 𝑅 (2,4) .

�µ�s
��V�r

Ric 𝑖 𝑗 = Ric (𝑒𝑖 , 𝑒 𝑗 ) = tr (𝑅(𝑒𝑖 , ·, 𝑒 𝑗 , ·))

=
𝑛Õ

𝑘=1

tr𝑅(𝑒𝑖 , 𝑒𝑘 , 𝑒 𝑗 , 𝑒𝑘 ).

�ÿ�i�ž (	Ë»�S”�„�=���¥�1�" ), �Â�T Ric (𝑒𝑖 , 𝑒𝑖 ) ���¿
Ä�ñ 𝑖 �X�© , �ü	V�[�Q�w��
Ric , �Œ^L�=�

Ric (𝑒𝑖 , 𝑒𝑖 ) = 𝑅(𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑖 , 𝑒 𝑗 ) = sec{𝑠𝑝𝑎𝑛{𝑒𝑖 , 𝑒 𝑗 }}.

î�[L�=� Ricci �w
q�¥�+�…�V•�ü^�©
ë�w
q��„ . �ÿ�i�ž	A��€	V�[�Y�V�©
ë
�w
q�Q�w�í	Ó
£�w
q�f
� , �9�ü^ª�ƒ�Bê�i�‚�öå>�•���i�iL�5�‚�– . �’�9Ø 4
�»�#�[�	b�W�¥ Ricci �w
qH , �i�‚�?�Î�ð�í�©
ë�w
q ; �Ð�ý� , �5�-�¥�Q�w�‚�V^
�µ�K�¥���ë�ŸP�– .

�9Ø�=�»�f	ƒ , 
7 𝑑𝑖𝑚𝑀 = 2, ���¿ 𝑝 ∈ 𝑀 �| 𝑒1, 𝑒2 
¡�@ 𝑠𝑝𝑎𝑛{𝑒1, 𝑒2} = 𝑇𝑀𝑝 , �5

Ric (𝑒1, 𝑒1) = tr (𝑅(𝑒1, ·, 𝑒1, ·))
=

Õ

𝑖=1,2

𝑅(𝑒1, 𝑒𝑖 , 𝑒1, 𝑒𝑖 )

= sec(𝑒1, 𝑒2).
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�C��	I
n 𝑑𝑖𝑚𝑀 = 3,𝜎 = 𝑠𝑝𝑎𝑛{𝑒1, 𝑒2} ⊆ 𝑇𝑀𝑝 , �5�Ü�V�9Ø	V�[�¤�ž

sec(𝜎) = 1
2
(Ric (𝑒1, 𝑒1) + Ric (𝑒2, 𝑒2) − Ric (𝑒3, 𝑒3)) .

�� Ricci �w
q���S�B�Qê�i , �¤�ž�B�ñ�;�Á�f” , �$�ë�¹�S
��w
q , �:�T Scal , �'

Scal := tr (Ric ) = 𝑅𝑖 𝑗𝑘𝑙𝑔 𝑗𝑙𝑔𝑖𝑘 .

Example 4.5 (”
��w
q�	è ) �’ sec ≡ 1 �¥H�© , �ÿ�i�ž 𝑅(𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑖 , 𝑒 𝑗 ) �’ 𝑖 = 𝑗 H
�h
À , �5�µ

Scal =
Õ

𝑗

Ric (𝑒 𝑗 , 𝑒 𝑗 )

=
Õ

𝑗

Õ

𝑖

𝑅(𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑖 , 𝑒 𝑗 )

= 𝑛(𝑛 − 1) .

4.6 �x�M�±�s

�¹
��ó�f
��p�• , �³�1�ÿ�i�ƒ�B�ç�l�¥
��ç�l�Ÿ , �'���£�p�•��ª�f
��˜�‚�M . �5�ç
�l�Z�_�•” :

Definition 1 (�Z�_�•” ) ���¿�B�ñ 𝑘 �¨�x�M�f
� 𝑇 , �¹
����£�� ℱ-�L�Ÿ�Ÿ , ���¿
𝑋𝑖 ∈ 𝒱(𝑀), �ç�l�����" 𝑋 ∈ 𝒱(𝑀) �¥�Z�_�•”�¹

𝐷𝑋𝑇 : 𝒱𝑘 (𝑀) →𝐶∞ (𝑀),
(𝑋1, · · · , 𝑋𝑘 ) ↦→𝑋 (𝑇 (𝑋1, · · · , 𝑋𝑛))

−𝑇 (𝐷𝑋𝑋1, · · · , 𝑋𝑛) −𝑇 (𝑋1, 𝐷𝑋𝑋2, · · · , 𝑋𝑛) − · · · −𝑇 (𝑋1, · · · , 𝐷𝑋𝑋𝑛).

�� ℱ-�L�Ÿ�Ÿ�°�¤�9Ø���£�'	V .

Definition 2 (�x�M�±�s ) ���¿�B�ñ 𝑘 �¨�x�M�f
� 𝑇 , �ç�l���x�M�±�s 𝐷𝑇 ^�B�ñ
𝑘 + 1 �¨�x�M�f
� , �ç�l�¹

𝐷𝑇 (𝑋1, · · · , 𝑋𝑛) (𝑋 ) = (𝐷𝑋𝑇 ) (𝑋1, · · · , 𝑋𝑛).

Example 4.6 	I
n��
��f
� 𝑔 �� Levi-Civita 	ó
Ž�/�¥�x�M�±�s . ���¿ ∀𝑋,𝑌, 𝑍 ∈
𝑇𝑀𝑝 , �ô	� Levi-Civita 	ó
Ž�¥����
��Ÿ , �û�µ

𝐷𝑋𝑔(𝑌, 𝑍 ) = 𝑋 〈𝑌, 𝑍 〉 − 〈𝐷𝑋𝑌, 𝑍 〉 − 〈𝑋, 𝐷𝑌𝑍 〉 = 0.
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Proposition 4.6 (Bianchi 2nd Identity) ���¿�w
q�f
� 𝑅 �„ 𝑋,𝑌,𝑈 ,𝑊 ,𝑉 ∈ 𝒱(𝑀),
�µ

𝐷𝑅(𝑋,𝑌,𝑈 ,𝑉 ,𝑊 ) + 𝐷𝑅(𝑋,𝑌,𝑊 ,𝑈 ,𝑉 ) + 𝐷𝑅(𝑋,𝑌,𝑉 ,𝑊 ,𝑈 ) = 0.

Proof. �ÿ�i�ž

𝐷𝑅(𝑋,𝑌,𝑈 ,𝑉 ,𝑊 )
=(𝐷𝑊 𝑅) (𝑋,𝑌,𝑈 ,𝑉 )
=𝑊 (𝑅(𝑋,𝑌,𝑈 ,𝑉 )) =⇒ 𝑊 (𝑅(𝑈 ,𝑉 ,𝑋,𝑌 ))
− 𝑅(𝐷𝑊𝑋,𝑌,𝑈 ,𝑉 ) =⇒ −𝑅(𝑈 ,𝑉 , 𝐷𝑊𝑋,𝑌 )
− 𝑅(𝑋, 𝐷𝑊𝑌,𝑈 ,𝑉 ) =⇒ −𝑅(𝑈 ,𝑉 ,𝑋, 𝐷𝑊𝑌 )
− 𝑅(𝑋,𝑌, 𝐷𝑊𝑈 ,𝑉 ) =⇒ −𝑅(𝐷𝑊𝑈 ,𝑉 ,𝑋,𝑌 )
− 𝑅(𝑋,𝑌,𝑈 , 𝐷𝑊𝑉 ) =⇒ −𝑅(𝑈 , 𝐷𝑊𝑉 ,𝑋,𝑌 )

=(𝐷𝑊 𝑅) (𝑈 ,𝑉 ,𝑋,𝑌 )
=𝐷𝑅(𝑈 ,𝑉 ,𝑋,𝑌,𝑊 ).

�4�³�ž�ƒ�B���ë�Ÿ , ���Ø�[�Ï
Ä�B�[�û�S�Â�N� �T , �O�ÿ�i�ž��^�f
� , �5�£
ü�ð�š
�©T�©�N�¿

𝐷𝑅(𝑢, 𝑣, 𝑥,𝑦,𝑤) + 𝐷𝑅(𝑤,𝑢, 𝑥,𝑦, 𝑣) + 𝐷𝑅(𝑣,𝑤, 𝑥,𝑦,𝑢) = 0,

���¿ ∀𝑝 ∈ 𝑀 �ï�Ä�î	ë . ���Ï 𝑢 = 𝑈 (𝑝) ∈ 𝑇𝑀𝑝 ,etc.
�|�� 𝑇𝑀𝑝 �¥�B�ñ�†�Ê�ž�Œ�� {𝑒𝑖 }, �5�º�³�1�£
ü

𝜎 (𝐷𝑅(𝑒𝑖 , 𝑒 𝑗 .𝑒𝛼 , 𝑒𝛽 , 𝑒𝑘 )) = 0.

���Ï 𝜎 :=
Í

𝑠𝑦𝑚,𝑖, 𝑗,𝑘 �VU�� 𝑖, 𝑗, 𝑘 
}�Ð�p�„ . �ô	��Ü�›�M�î�¥	Ø
‚ , ���Ä�)�¥���_
��S
�O {𝑒𝑖 } 	V�[ 4�ü�‰�î�B�ñ�©�¹�S�O {𝐸𝑖 }, �'��
¡�@ 𝐷𝑒8𝐸 𝑗 = 0, ���¿ ∀𝑖, 𝑗 �î	ë . �5�³�1
�£
ü�� 𝑝 �Ä�µ

𝜎 (𝐷𝑅(𝐸𝑖 , 𝐸 𝑗 , 𝐸𝛼 , 𝐸𝛽 , 𝐸𝑘 )) = 0

�î	ë . �µ

𝐿𝐻𝑆 = 𝜎 ((𝐷𝐸: 𝑅) (𝐸𝑖 , 𝐸 𝑗 , 𝐸𝛼 , 𝐸𝛽 ))
= 𝜎 (𝐸𝑘 (𝑅(𝐸𝑖 , 𝐸 𝑗 , 𝐸𝛼 , 𝐸𝛽 )))
− 𝜎 (𝑅(𝐷𝐸: 𝐸𝑖 , 𝐸 𝑗 , 𝐸𝛼 , 𝐸𝛽 )) =⇒ 0

− 𝜎 (𝑅(𝐸𝑖 , 𝐷𝐸: 𝐸 𝑗 , 𝐸𝛼 , 𝐸𝛽 ) =⇒ 0

− 𝜎 (𝑅(𝐸𝑖 , 𝐸 𝑗 , 𝐷𝐸: 𝐸𝛼 , 𝐸𝛽 ) =⇒ 0

− 𝜎 (𝐸𝑖 , 𝐸 𝑗 , 𝐸𝛼 , 𝑅(𝐷𝐸: 𝐸𝛽 ) =⇒ 0

= 𝜎 (𝐸𝑘 〈𝑅(𝐸𝑖 , 𝐸 𝑗 , 𝐸𝑘𝛼), 𝐸𝛽〉)
= 𝜎 (〈𝐷𝐸: (𝑅(𝐸𝑖 , 𝐸 𝑗 , 𝐸𝛼 ), 𝐸𝛽〉)) + 𝜎 (〈𝑅(𝐸𝑖 , 𝐸 𝑗 , 𝐸𝛼 ), 𝐷𝐸: 𝐸𝛽〉)

|                            {z                            }
=0

.

4	I
n 𝑝 �Ä�¥�©�¹�o , �| 𝐸9 
¡�@ 𝐸9(0) = 𝑒9 �O�����"î�µ�å�_�©�¹�L�Ü�›�M�î , �'���¿ 𝛾 ^
¡�@
¤𝛾 (0) = 𝑒8 �¥�å�_�©�¹�L�7�ý , 
¡�@ 3

3C |C=0 𝐸9 ◦ 𝛾 = 0, �' 𝐷48𝐸9 = 0.



4.6. �x�M�±�s 39

�í�[�©�¿ 0 ^�y�¹�©�¹�S�O�Æ�¥�Ÿ�É . �5�º�³�1�£
ü 𝜎 (𝐷𝐸: 𝑅(𝐸𝑖 , 𝐸 𝑗 , 𝐸𝛼 )) = 0. �•���w

q�f
��¥	��8�™T , �5�º�³�1�£
ü

0 =𝜎 (𝐷𝐸: 𝐷𝐸9𝐷𝐸8𝐸𝛼 ) =⇒ 𝜎 (𝐷𝐸9𝐷𝐸8𝐷𝐸: 𝐸𝛼 )
−𝜎 (𝐷𝐸: 𝐷𝐸8𝐷𝐸9𝐸𝛼 ) =⇒ −𝜎 (𝐷𝐸8𝐷𝐸9𝐷𝐸: 𝐸𝛼 )
−𝜎 (𝐷𝐸: 𝐷 [𝐸9,𝐸8]𝐸𝛼 )

=⇒ −𝜎 (𝐷 [𝐸9,𝐸8]𝐷𝐸: 𝐸𝛼 ) − 𝜎 ([𝐸𝑘 , [𝐸 𝑗 , 𝐸𝑖 ]]𝐸𝛼 )
|                   {z                   }

=0

+𝜎 (𝑅([𝐸 𝑗 , 𝐸𝑖 ], 𝐸𝑘 , 𝐸𝛼 ))=0.

�®�¿
}�Ð�p�„ , �-
��ñ " =⇒ " �î	ë , �»�B�ñ�/	“�|�¥ "= 0" ^�y�¹ Jacobi �š�©T , �»
�=�ñ�/	“�|�¥ "= 0" ^�y�¹ [𝐸 𝑗 , 𝐸𝑖 ] = 𝐷𝐸9𝐸𝑖 −𝐷𝐸8𝐸 𝑗 , �ô	��©�¹�S�O�¥�Ÿ�É�¤�ž�¾�[�¹
0. �5�¤�ž:�/�‚�h
À�¥�Ø�[	��µ�w
q�¥�™T , �5�º�³�1�£
ü

𝜎 (𝑅(𝐸𝑖 , 𝐸 𝑗 , 𝐷𝐸: 𝐸𝛼 )) = 0.

�]�"�ÿ�i�ž�©�¹�S�O�Æ , �5�µ 𝐷𝐸: 𝐸𝛼 = 0 �î	ë , �ð���5�¤�£ . �
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5.1 �0
@�™

Definition 1 (�0
@�™) ���¿ 𝑀, �̄� ^
��ñ�±�s
@�™ , �ë 𝑀 ⊆ �̄�, �Â�T�i���B�ñ�š�©
�˜� 𝑖 : 𝑀 → �̄�, 𝑖 (𝑥) = 𝑥 
¡�@ :

1. 𝑖 �¥�-�w 𝑖∗ ��
Ä�B�Ä�û^�†� (�' 𝑖 ^�Ï�Æ ),

2. ���¿	7�" ∀Ω ∈ 𝑀, �û^	7�" Ω̄ ∈ �̄� �„ 𝑀 �¥�Œ�" ,

�NH�ë 𝑀 ^ �̄� �¥�0
@�™,𝑖 �ë�¹�3�Æ�˜� ,�̄� �ë�¹�Ì�â	b�W (ambience space).

�¹
��V�+�…�¥�˜���³d�NY , �ÿ�i�ž�3�Æ�˜���
Ä�B�Ä�û^�†��ƒ�BYL���£

� 𝑀 �¥�M	b�W 𝑇𝑀𝑝 ^ 𝑇�̄�𝑝 �¥�B�ñ�0	b�W , �Ð�ý� ,𝑖∗ ^�B�ñ 𝑇𝑀𝑝 �„ 𝑇�̄�𝑝 �¥���ñ
�0	b�W�¥�L�Ÿ�]�� . �ª�Ó�Ï�|�‚�� 𝑖∗𝑇𝑀𝑝 �„ 𝑇𝑀𝑝 �S�u�s .

�»�=�ñ�H�q���£
� 𝑝 ∈ 𝑀 �¥�B�ñ
#�×^ 𝑖 (𝑝) ≡ 𝑝 ∈ �̄� �¥�B�ñ
#�×�Œ 𝑀, �ƒª
ü

� 𝑀 �L�.
� �̄� �¥�‰�ê . L�=� , �ƒ
��ñ�ç�l�û^ R3 �Ï�w�L�Ð�w
ë�¥�±�s�+�…�=�¸
�¥�w�< .

Example 5.1 �ÿ�i�ž 𝑆𝑛 ^ R𝑛+1 �¥�0
@�™. �÷�B�î�¹ , �xf	b�W�Ï�¥�ž�5�w
ë�û^
���‹�xf	b�W�¥�0
@�™ .

�ª�Ó�Ï�L! 𝑑𝑖𝑚𝑀 =𝑚,𝑑𝑖𝑚�̄� =𝑚 + 𝑘, �5�ë 𝑘 �¹ 𝑀 �¥�Å�»” . �C��	I
n	Ó
£
@�™�¥
�f�™ . ���¿ (𝑀,𝑔) �„ (�̄�, 𝑔), ���Ï 𝑀 ^ �̄� �¥�0
@�™, �5�µ�3�Æ�˜� 𝑖. �Â�T�3�Æ�˜�
^�B�ñ�©	� , �'���¿ ∀𝑝 ∈ 𝑀,𝑢, 𝑣 ∈ 𝑇𝑀𝑝 , �µ

𝑔(𝑖∗𝑝 (𝑢), 𝑖∗𝑝 (𝑣)) = 𝑔(𝑢, 𝑣),

��
{�:�¹ 〈𝑢, 𝑣〉�̄� = 〈𝑢, 𝑣〉𝑀 , �5�ë 𝑖 ^�B�ñ�©	��3�Æ . �ª�Ó�Ï�4�ž�¥�3�Æ�û^�©	��3
�Æ, ���i�l^�0
@�™��¥��
�^�Ì�â	b�W�¥��
��¥	˜�í .

Theorem 1 (�0
@�™�U�S�" ) 
7 𝑝 ∈ 𝑀, �5�i���B�ñ �̄� ��¥	��†�U�S�" 𝜑, 
¡�@
𝜑 : R𝑚 × R𝑘 → �̄�,𝜑 (0, 0) = 𝑝, �„

1. 𝜑 (𝑥, 0) ∈ 𝑀,∀𝑥 ∈ R𝑚,

2. 𝜓 : R𝑚 → 𝑀,𝜓 (𝑥) := 𝜑 (𝑥, 0) ^�B�ñ 𝑀 � 𝑝 �Ä�¸�Í�¥	��†�U�S�" .

40
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Proof. �‚�V^�Ç�ç	Ø�¥�e�†�w
‚�à
� (�Ï�Æ�S���˜ ). �
�ô	��ƒ�B�ç	Ø , �á
Ì	V�[�|�0
@�™�M	b�W�Ï�¥���_
��Æ�¨�v
@�™�M	b�W�¥���_


��Æ�VU��	Ÿ , �'	V�[�s�ž�B�ñ��Ó�Ï�¥�U�S�˜� 𝜑 = 𝜑 (𝑥,𝑦) �„ 𝑝 ∈ 𝑀, �µ

𝑇�̄�𝑝 = 𝑠𝑝𝑎𝑛{ 𝜕

𝜕𝑥𝑖
,
𝜕

𝜕𝑦 𝑗
},𝑇𝑀𝑝 = 𝑠𝑝𝑎𝑛{ 𝜕

𝜕𝑥𝑖
}.

Proposition 5.1 �: 𝑀, �̄� ��¥	ó
Ž�s�Y�¹ 𝐷, �̄�, ���¿ 𝑣 ∈ 𝑇𝑀𝑝 ,𝑋,𝑌 ∈ 𝒱(�̄�). �Â�T
𝑋 |𝑀= 𝑌 |𝑚, �5 �̄�𝑣𝑋 = �̄�𝑣𝑌 .

Proof. n�5�ÿ�i�ž�i�� 𝛾 : (−𝜀, 𝜀) → �̄� 
¡�@ 𝛾 (0) = 𝑝, ¤𝛾 (0) = (𝑣, ®0) �„ 𝛾 (𝑡) ∈ 𝑀 ���¿
∀𝑡 �î	ë , �O 𝑑

𝑑𝑡 |𝑡=0 𝑋 ◦ 𝛾 = �̄�𝑣𝑋 , 𝑑𝑑𝑡 |𝑡=0 𝑌 ◦ 𝛾 = �̄�𝑣𝑌 . �5�ð���5�î	ë . �

5.2 �ž�Œ�s�³

�ÿ�i�ž 𝑇𝑀𝑝 ⊆ 𝑇�̄�𝑝 , �5�i�� 𝑇𝑀𝑝 �� 𝑇�̄�𝑝 �Ï�¥�ž�Œ�€ , �:�T 𝑇𝑀⊥
𝑝 , �ë�¹ 𝑝 �Ä�� �̄� �¥

�E	b�W.

Definition 1 (�0
@�™�_
��Æ) ���¿ 𝑋 : 𝑀 → 𝑇�̄�, 
¡�@ 𝑋 (𝑝) ∈ 𝑇�̄�𝑝 ���¿ ∀𝑝 ∈ 𝑀 �î
	ë , �5�ë 𝑋 ^�0
@�™ 𝑀 �� �̄� �Ï�¥�_
��Æ (�‚�B�ç�„ 𝑀 �M�M!).

�Â�T�ƒ�ñ�_
��Æ��
Ä�B�Ä�û�„�0
@�™�M�M , �' ∀𝑝 ∈ 𝑀,𝑋 (𝑝) ∈ 𝑇𝑀𝑝 , �5�ë 𝑋 ^
�0
@�™𝑀 �¥ �M�_
��Æ .

�Â�T�ƒ�ñ�_
��Æ��
Ä�B�Ä�û�„�0
@�™�<�° , �' ∀𝑝 ∈ 𝑀,𝑋 (𝑝) ∈ 𝑇𝑀⊥
𝑝 , �5�ë 𝑋 ^

�0
@�™𝑀 �¥ �E�_
��Æ .
�s�Y�: 𝑀 ��¥�_
��Æ , �M�_
��Æ , �E�_
��Æ�¹ 𝒱(𝑀),𝒱𝑇 (𝑀),𝒱⊥ (𝑀).�̄� ��¥

�_
��Æ�¯�–�:�T 𝒱(�̄�).

�ÿ�i�ž 𝑀 ��¥
Ä�ñ�_
��Æ 𝑋 �û	V�[�ï�Ä�s�³�V�7�s�³�¹�M�Z�_�¥�_
��Æ 𝑋𝑇

�„�E�Z�_�¥�_
��Æ 𝑋⊥.
���¿ 𝑋 ∈ 𝒱(𝑀), 𝑣 ∈ 𝑇𝑀𝑝 , 𝑝 ∈ 𝑀, �ç�l �̄�𝑣𝑋 = �̄�𝑣�̃� , ���Ï �̃� ∈ 𝒱(�̄�) ^ 𝑋 �¥�B

�ñ�� 𝑀 �Ï�¥	��†�ü�‰ 1.
���¿ 𝑋 ∈ 𝒱𝑇 (𝑀), 𝑌 ∈ 𝒱(𝑀), �ç�l �̄�𝑋𝑌 (𝑝) := �̄�𝑋 (𝑝)𝑌 . �ÿ�i�ž �̄�𝑋𝑌 ���¿ 𝑋,𝑌 ∈

𝒱(𝑀) ^
À�µ�ç�l�¥ , �y�¹�Â�T���¿ 𝑀 �¥�M�Z�_��“�¥�¥�s
��p�• , �5]�A�ö�¨�ž
𝑌 �� 𝑀 ��“�¥�´ , �–�7��^�Ã�ç�l�¥ .

�C��	I�³�1�¿ Lie 	“�|���0
@�™��¥	V�?�õ�Ÿ :

Proposition 5.2 ���¿ 𝑋,𝑌 ∈ 𝒱(�̄�), �Ï 𝑋 |𝑀 , 𝑌 |𝑀∈ 𝒱𝑇 (𝑀), �5�µ

[𝑋,𝑌 ] |𝑀= [[𝑋 |𝑀 , 𝑌 |𝑀 ]] .

���Ï [·, ·] �VU �̄� ��¥ Lie 	“�| ,[[·, ·]] �VU 𝑀 ��¥ Lie 	“�| .

1�ÿ�i�ž�œ�8�ü�‰�‚�B�ç�i�� .
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Proof. �|�0
@�™�U�S�" 𝜑 = 𝜑 (𝑥,𝑦) ^ �̄� ��¥	��†�U�S�" , 
¡�@ 𝜑 (0, 0) = 𝑝 ∈ 𝑀, �ç
�l 𝜓 (𝑥) = 𝜑 (𝑥, 0) ^ 𝑀 ��¥	��†�U�S�" . �¹
��u�s , ���¿ 𝑥 �s
��¨	˜�à�3���V�: , ��
�¿ 𝑦 �s
��¨��	›�3���V�: . �µ

𝑋 = 𝑋 𝑖 𝜕

𝜕𝑥𝑖
+ 𝑋𝑚+𝛼 𝜕

𝜕𝑦𝛼
,

𝑌 = 𝑌 𝑗 𝜕

𝜕𝑥 𝑗
+ 𝑌𝑚+𝛽 𝜕

𝜕𝑦𝛽
,

�¹
����£���K�Å�M�¿ 𝑀, �µ 𝑋𝑚+𝛼 |𝑀 , 𝑌𝑚+𝛽 |𝑀≡ 0. �°�¤�9Ø Lie 	“�| , n�5�ÿ�i�ž
𝑋 |𝑀= 𝑋 𝑖 𝜕

𝜕𝑥8 |𝑀 ,𝑌 |𝑀= 𝑌 𝑗 𝜕
𝜕𝑥 9 |𝑀 , �#�/T�Ï�»�B�ñ " =⇒ " �î	ë , �¹
��£
ü�ª�Ø�[�û^

0, �9Ø�»�=�[�T�¹�S	è , �µ

[𝑋 𝑖 𝜕

𝜕𝑥𝑖
, 𝑌 𝑗+𝛽 𝜕

𝜕𝑦𝛽
] |𝑀= 𝑋 𝑖 𝜕

𝜕𝑥𝑖
= 𝑋 𝑖 𝜕𝑌

𝑚+𝛽

𝜕𝑥𝑖
𝜕

𝜕𝑦𝛽
|𝑀 −𝑌𝑚+𝛽 𝜕

𝜕𝑦𝛽
|𝑀= 0.

�5�¤�ž

[𝑋,𝑌 ] |𝑀

=[𝑋 𝑖 𝜕

𝜕𝑥𝑖
, 𝑌 𝑗 𝜕

𝜕𝑥 𝑗
] |𝑀 =⇒ [[𝑋 |𝑀 , 𝑌 |𝑀 ]]

+[𝑋 𝑖 𝜕

𝜕𝑥𝑖
, 𝑌 𝑗+𝛽 𝜕

𝜕𝑦𝛽
] |𝑀

+[𝑋𝑚+𝛼 𝜕

𝜕𝑦𝛼
, 𝑌 𝑗 𝜕

𝜕𝑥 𝑗
] |𝑀

+[𝑋𝑚+𝛼 𝜕

𝜕𝑦𝛼
, 𝑌𝑚+𝛽 𝜕

𝜕𝑦𝛽
] |𝑀 .

�#
üî�à�£ . �
	ó�"���Å�±�s�+�…�¥�4�Ä , �ù�î�0
@�™��¥�_
��Æ , �ü	V�[	Y�Â�0
@�™�¥�™�� .
Proposition 5.3 (�0
@�™	ó
Ž) ���¿ 𝑋,𝑌, 𝑍 ∈ 𝒱(�̄�), 𝑋, 𝑌 , 𝑍 ∈ 𝒱𝑇 (𝑀), �µ :

1. �̄�𝑋 (𝛼𝑋 + 𝛽𝑌 ) = 𝛼�̄�𝑋𝑋 + 𝛽�̄�𝑋𝑌 , ���Ï 𝛼, 𝛽 ∈ R,

2. �̄� 𝑓 𝑋+𝑔𝑌𝑍 = 𝑓 �̄�𝑋𝑍 + 𝑔�̄�𝑌𝑍 , ���Ï 𝑓 , 𝑔 ∈ 𝐶∞ (𝑀),

3. �̄�𝑋 (𝑓 𝑌 ) = (𝑋 𝑓 )𝑌 + 𝑓 �̄�𝑋𝑌 ,

4. 𝑋 〈𝑌, 𝑍 〉 = 〈�̄�𝑋𝑌, 𝑍 〉 + 〈𝑌, �̄�𝑋𝑍 〉,

5. �̄�𝑋𝑌 − �̄�𝑌𝑋 = [𝑋,𝑌 ].

Theorem 1 ���¿ 𝑋,𝑌 ∈ 𝒱𝑇 (𝑀), �: ·𝑇 �¹ 𝑀 �M�Z�_��¥�g�• ,𝐷 ^ 𝑀 ��¤ Levi-
Civita 	ó
Ž , �5�µ

𝐷𝑋𝑌 = (�̄�𝑋𝑌 )𝑇 .

Proof. �ç�l �̃� : 𝒱𝑇,2 (𝑀) → 𝒱𝑇 (𝑀), �̃�𝑋𝑌 = (�̄�𝑋𝑌 )𝑇 , �5�º�³�1�£
ü �̃� ^�B�ñ 𝑀 �
�¥ Levi-Civita 	ó
Ž , �ü	V�[�Y�V�·�B�Ÿª
ü���„ 𝐷 �©�N. �
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5.3 �=�Q�˜

�ç�l�B�ñØ�0 𝐵 : 𝒱𝑇,2 → 𝒱⊥ (𝑀), 𝐵(𝑋,𝑌 ) = (�̄�𝑋𝑌 )⊥, ���Ï 𝑋,𝑌 ∈ 𝒱𝑇 (𝑀). �5�A�–�µ
�ž�Œ�s�³

�̄�𝑋𝑌 = 𝐷𝑋𝑌 + 𝐵(𝑋,𝑌 )
n�5�ÿ�i�ž 𝐵 ^�L�Ÿ�¥ , �C�����ý

Proposition 5.4 𝐵 �1�¿ 𝑋,𝑌 �û^ ℱ-�L�Ÿ�¥�„���ë�¥ .

Proof.

𝐵(𝑋,𝑌 ) − 𝐵(𝑌,𝑋 ) = (�̄�𝑋𝑌 )⊥ − (�̄�𝑌𝑋 )⊥

= (�̄�𝑋𝑌 − �̄�𝑌𝑋 )⊥

= [𝑋,𝑌 ]⊥

= 0.

�K�ª�B�ñ�©�|^�y�¹ 𝑋,𝑌 ∈ 𝒱𝑇 (𝑀) =⇒ [𝑋,𝑌 ] ∈ 𝒱𝑇 (𝑀). �5���ë�Ÿ�¤�ž�£
ü . �A�–
𝐵 ���¿ 𝑋 ^ ℱ-�L�Ÿ�¥ , �®���ë�Ÿ�¤�ž�� 𝑌 �¥ ℱ-�L�Ÿ�Ÿ . �
���¿ 𝜂 ∈ 𝒱⊥ (𝑀), �ç�l 𝐻𝜂 : 𝒱𝑇,2 → 𝐶∞ (𝑀), 𝐻𝜂 (𝑋,𝑌 ) = 〈𝐵(𝑋,𝑌 ), 𝜂〉, ���Ï 𝑋,𝑌 ∈
𝒱𝑇 (𝑀).

�A�– 𝐻𝜂 �1�¿ 𝑋,𝑌 ���ë , �1�¿ 𝑋,𝑌, 𝜂 �û^ ℱ-�L�Ÿ�¥ , �5	V�[�ç�l�ƒ�"�B�ñØ�0 :
���¿ 𝑣 ∈ 𝑇𝑀⊥

𝑃 , �|��	��†�ü�‰ 𝜂, 	V�[�ç�l 𝐻𝑉 : (𝑇𝑀𝑝 )2 → R, 𝐻𝑣 (𝑥,𝑦) = 𝐻𝜂 (𝑋,𝑌 ),
���Ï 𝑋,𝑌 ∈ 𝒱𝑇 (𝑀) ^ 𝑥,𝑦 �¥	ó
Ž . �ÿ�i�ž�A�– 𝐻𝑣 ^�B�ñ���ë �L�ŸØ�0 , �5���„
���ñ�=�Q�˜^�©�N�¥ .

Definition 1 (�»�=���'�™T ) ���¿ 𝑝 ∈ 𝑀, 𝑣 ∈ 𝑇𝑀⊥
𝑝 , 𝑥 ∈ 𝑇𝑀𝑝 , �ç�l 𝑝 �Ä�¥�»�=���'

�™T�¹
𝐼 𝐼𝑣 (𝑥) := 𝐻𝑣 (𝑥, 𝑥).

Example 5.2 ���¿�;�Á�f” 𝑓 : Ω ⊆ R𝑛 → R, 
¡�@ 𝑓 (0) = 0, 𝐷 𝑓 (0) = 0, �ç�l
@�™ 𝑀
^ 𝑓 �¥�m�^ ,�̄� = R𝑛+1, �5���¿ 𝑒𝑛+1 ∈ 𝑇𝑀0 ⊥⊆ 𝑇�̄�0, �µ

𝐼 𝐼𝑒=+1 (𝑥) = 𝑥𝑇𝐷2 𝑓 (0)𝑥 .

L�=��Â�M�¿�ð�Ä�¥�o 𝑆𝑛, �µ�����ð�Ä�)�¥�=�Q�˜�¹

𝐼 𝐼 (𝑥) = |𝑥 |2.
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